Mathematica 11.3 Integration Test Results

Test results for the 115 problemsin "1.1.2.5 (a+b x*2)*p (c+d x"2)"q
(e+f xA2)Ar.m

Problem 23: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2) (c+dx?)¥? e+ fx* dx

Optimal (type 4, 544 leaves, 7 steps):
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Result (type 4, 373 leaves):
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! 12 fx(cedn) (es £
C
105 d /% Bc+dx? Ve+fx2

(7adF(6c-F+d (e+3fx2>) +b (3c2-F2+3cd-F(3e+8fx2> +d? (—4e2+3efx2+151‘2x4))) "
e(7adf (2d*e*-7cdef-3c*f?) +b (-8d*e*+19cd’e*f-9c?def’+6C>f))

dx? fx? P ) d cf
1+ 1+ EllipticE[i ArcSinh| | = x|, —] -
c e c de
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e(-de+cf) (-14adf (de-3cf) +b (8d*e*-15cdef+3c*f?))

d x? f x? L . . d cf
1+ 1+ EllipticF[i ArcSinh| | = x], —]
c e c de

Problem 24: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2) \/c+dx2 \/e+fx2 dx

Optimal (type 4, 381 leaves, 6 steps):
(5adf(de+cf)-2b(d?e*-cdef+c?f?)) xVc+dx?

+

15d2fvVe+fx?
(bde-2bcf+5adf) xVc+rdx? Ve+fx2 bx (c+dx2)3/2\/e+fx2
. _
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d 2
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Result (type 4, 267 leaves):



Mathematica 11.3 Integration Test Results for 1.1.2.5 (a+b x~2)"p (c+d x~2)"q (e+f x~2)~r.nb

|9 fx(cedx?) (e+fx?) (bcfesadfebd (es3fx2)) s
C
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Problem 25: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bx?) Ve+rfx2
e
Optimal (type 4, 283 leaves, 5 steps):
(bde-2bcf+3adf)xVc+dx® bx~crdx? Verfx?

3d2Ve+fx? ' 3d

(\/? (bde—2ch+3adF) A c+dx? EllipticE[Ar‘cTan[\/?X]J 1—di]
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(bc-3ad)e¥2c+dx? E111pt1cF[ArcTan[L], 1-9¢]

Ve cf
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Result (type 4, 212leaves):
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b | L fx(cidnd) (esfxd) s
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i dx? f x? L. . . d cf
ie(-bde+2bcf-3adf) |1+ 1+ EllipticE[i ArcSinh|[ | = x], —] -
C e C de
) d x? f x? L , . d cf
ibe (-de+cf) \/1+ \/1+ EllipticF[i ArcSinh[ [ = x|, —] /
c e c de

3d d -F\/c+dx2 \/eJr-Fx2
c

Problem 26: Result unnecessarily involves imaginary or complex numbers.
J<a+bxz) e+ fx?

<c+dx2)3/2

dx

Optimal (type 4, 271 leaves, 5steps):
(2bc-ad) fxVc+dx* (bc-ad)xVe+fx?

cd?Ve+fx? cdc+dx?
(2bc—ad) Ve V/f Vecrdx? EllipticE[Ar‘cTan[%}, l—gf}
e
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cd? | eledX) eeye

c (e+fx?)
be32+/c+dx? EllipticF[Ar‘cTan[@], 1-4¢]
Je cf
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Result (type 4, 192 leaves):
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d d x? f x? d cf
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Problem 27: Result unnecessarily involves imaginary or complex numbers.
J (a+bx?) e+ fx*

<c+dx2)5/2

dx

Optimal (type 4, 274 leaves, 4 steps):
(bc-ad) xVe+fx?

3cd (c+dx2)3/2

{(d (bc+2ad)e-c(2bc+ad) f) \Je+fx? EllipticE[ArcTan[\/\?ﬁX], 1—2]

+
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e
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Result (type 4, 297 leaves):
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C
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C
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Problem 28: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2) Ve+fx?

<c+dx2)7/2

dx

Optimal (type 4, 385 leaves, 5 steps):
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(bc-ad) xVe+fx? (ad (4de-3cf)+bc (de—ZCf)) xve+fx?

- + +

5cd(c+dx2)5/2 15c2d (de-c¥) (c+dx2)3/2

((Zbc (dzezfcdeﬁczfz) +ad (8d2e2713cdef+3c21:2)) \J e+ fx?

2
/{15c5/2d3’/2 2. Jc+dx? e+ FxY)

d Xy cf

N3 de

EllipticE [ArcTan [

(c+dx2>
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d 2
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Result (type 4, 379 leaves):
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15 ¢4 (%)3/2 (defcf)2 (c+dx2)5/2x/e+fx2
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d cf
(-de+cf) (bc(-2de+cf)+ad(-8de+9cf)) EllipticF[iArcSinh[ [ = x|, d—] ]
\[ e

Problem 29: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2) 7/ ¢ +dx? (e+fx2>3/2d1x

Optimal (type 4, 543 leaves, 7 steps):
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[(7adf (3d2e2+7cdef—2c2f2) -b (6d3e3—9cd2e2f+19c2def2—8c3f3)) X/ € +dx?

(105d3fx/e+fx2
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/
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Result (type 4, 372leaves):

1 d
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c e c de

Problem 30: Result unnecessarily involves imaginary or complex numbers.

dx

J<a+bxz) (e+fx2)3/2
Ve +dx?

Optimal (type 4, 400 leaves, 6 steps):
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Result (type 4, 275leaves):
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Problem 31: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2) (e+fx?)*?

(C +dX2>3/2

Optimal (type 4, 369 leaves, 6 steps):
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Result (type 4, 248 leaves):
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c

Problem 32: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2) (e+fx?)*?

(c+dx2)5/2

Optimal (type 4, 373 leaves, 6 steps):
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f(bc(de-8cf)+2ad(de+cf))xVc+dx?

+

3c2d3Ve+ Fx2
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(\/?\/? (bc(de-8cf)+2ad (de+cf))/c+dx? EllipticE[Ar‘cTan[\/\?ﬁx], 1—j—i] /
e

c+dx2
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c <e+fx2

(Abc-ad) e¥2+/f +/c+dx? EllipticF[Ar‘cTan[@], 1-9¢]
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e (crdx?)
3c2q2 | eledx \/e+-Fx2
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Result (type 4, 296 leaves):
1
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C

C
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de
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Problem 33: Result unnecessarily involves imaginary or complex numbers.

e T . d cf,
EllipticE[iArcSinh|[ | = x|, —]+ie(-ad (2de+cf)+bc (-de+4cf))
c

dx

J(a+bx2) (e+fx2)3/2

(c+dx2)7/2

Optimal (type 4, 376 leaves, 5steps):
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(d(bc+4ad)e-c(4bc+ad) f)xVe+fx? (bc-ad)x (e+fx2)3/2

- +

15 c2 d? (c+dx2)3’/2 5cd(c+dx2)5/2

((bc (2d2e2+3cdef78c2fz) +ad (8d2e273cdeF72c2F2)) \Je+fx?

\/d—x cf eJr'f:X2
EllipticE[ArcTan ,1-— /15c5/2d5/2 ) \Jc+dx? -
P [ [\/?] de] : (c+dx2)
3/2 2 . VE x de
e \/?(bc(de—4c-F>+ad(4de—cf>)x/c+dx E111pt1cF[Ar‘cTan[ e },1—7}/
e C
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Result (type 4, 382leaves):

1 x(e+fx2)
15 c2 ¢3 (de—c-F) (c+dx2)5/2\/e+fx2

(3C2 (bc-ad) (de—cf)z—c(de—cf) (bc(de-7cf)+2ad (2de+cf)) (c+dx?) +
<ad(—8d2e2+3cdef+2c2f2>+bc(—2d2e2—3cdef+8c21‘2)) (c+dx2)2

2 2
je(c+dx2)2\/l+dx \/1+FX
c e
.. ) d cf
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\/c e
cf
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C de
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|

Problem 34: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2) (e+fx2)*?

(c+dx2)9/2

Optimal (type 4, 531 leaves, 6 steps):
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(d <bc+6ad) e-c (4bc+3ad)f) xve+fx?

35 c2 d2 <c+dx2)5/2

+

/

((bc (4d2e2+cdef—8c2f2) +3ad <8d2e2—5cdef—2c2f2)) X/ e+ fx?

bc-ad £y2)3/2
(105c3d2(de—cf) (C+dx2>3/2)_( c-ad) x [e+fx?) .
7cd (C+dx2>7/2

(6ad (8d3e3712cd2e2f+2c2def2+c3f3) +bc (8d3e375cd2e2f75c2def2+8c3f3))

\J e+ fx? EllipticE{ArcTan[\/?X],l i] /

Jo T de

f 2
165c7/2d5/2(de—c-F)szCerx2 clertx) (e +Fx)

e (c+dx?)

(e”zx/? (3ad (8d*e*-11cdef+c*f?) +2bc (2d*°e®*-cdef+2c*f*)) \Jc+dX?

f d
EllipticF|[ArcTan| VF x 1- 28

d 2
105 c* d? (de—cﬂ2 M \J e+ fx?

C (e+fx2

Result (type 4, 545leaves):

! a1 Ex(e+-Fx2)
1@5c3d3(de—cf)2(c+dx2)7/2\/e+1cx2 c c

(15c3 (bc-ad) (de—c-F)3—3c2 (de—cf)z(bc(de—9cf)+2ad<3de+c-F)) <c+dx2)—
c(de—cF) (bc(4d2e2+cdef—8c21‘2)+3ad(8d2e2—5cdef—2c2f2)> (c+dx2>2—
<6ad(8d3e3—12cd2e2f+2c2defz+c3f3)+bc<8d3e3—5cdzezf—Sczdef2+8c3f3))

2 2
(c+dx2)3)+ie(c+dx2)3\/1+dx \/1+fx
C e

[(6ad (8d’e®-12cd?’e®f+2c?def?+ 2 f?) +bc (8d3e3—5cd2e2f—5c2def2+8c3f3))

EllipticE[i ArcSinh| d x|, Z—’c} - (-de+cf) (3ad(-16d*e’+16cdef+c? f2) +
C e

cf

bc(-8d*e’+cdef+4c?f?)) EllipticF|i ArcSinh| /9 x|, —]

C de
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Problem 35: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2) (c+dx2)5/2
Verfx2

Optimal (type 4, 551 leaves, 7 steps):

((7adf (8d2e2—23cdef+23c2fz) -b (48d3e3—128cd2e2-F+163c2def2—15c3f3>)
1

x4/ € +dx? /[105df3xle+fx2 - ;
105 f

(28adf(de—2c-F) -b (24d? 2—43»cde-F+15c2-FZ)) x\/c+dx2 \/e+-Fx2 -

(6bde-5bcf-7adf)x (c+dx2)3/2\/e+1°x2 b x (c+dx2)5/2\/e+1‘:x2

+ —

35 f2 7f

e (7adf<8d2e2—23cdef+23c21‘:2) -b (48d3e3—128cd2e2-F+103c2def2—15c3f3)>

/ 105d f7/?

\Jc+dx? EllipticE [ArcTan[ﬁX], 1- d—e]
Ve cf

EllipticF[ArcTan| VE x |, 1- d_e] / 105 f7/2
Ve cf

Result (type 4, 386 leaves):

! g1‘:x(c+dx2) (e+fx2) (7adf(—4de+11cf+3dfx2)+

c
105 /% fAVcrdx2 Verfx2

b (45c2-F2+cdf (—61e+45fx2) +3d? (8e2—6efx2+5f2x4))) -
ie(7adf (8d°e®-23cdef+23c*f?) +b (-48d°e’+128cd’e’f-103c*def?+15¢C°f))

d x? f x? L . . d cf
1+ EllipticE[i ArcSinh| | = x], —
c e c de

1+

]+

i (—de+c-F) (4be (12d2e2—26cde1‘+15c2fz) —7a-F<8d2e2—19cdef+15c21‘2>)

d x? f x? L . . d cf
1+ EllipticF[i ArcSinh| | = x], —
C e c de

1+

]
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Problem 36: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2) (c+dx2)3/2
Verfx2

Optimal (type 4, 396 leaves, 6 steps):
(1Gad-F (de—Zc-F) -b (8d2e2—13cdef+3c2f2)) xVc+dx?

15df2vVe+fx2
(4Abde-3bcf-5adf) xVerdx® Verfx? bx(c+dx2)3/2\/e+fx2
+ +
15 f2 5f

Ve (10adf (de-2cf)-b (8d*e?-13cdef+3c2f?))/c+dx?

de

WX]JI

EllipticE [ArcTan|
Je cf

]

2
/15df5/2 L“dxz Je+fx? |-

C (e+fx2

Ve (5af(de-3cf)-b(4de’-6cef))/c+dx? EllipticF[Ar‘cTan[\/\/—i B 1——{}
e C

/

15.F5/2 e(CerXZ; ,e+‘FX2

c (e+1°x2

Result (type 4, 279 leaves):

1

15 l% B3Vcrdx® Verfx2

2 2
ie (—10adf (de—Zcf) +b (8d? 2—13cde1‘:+3c21‘:2)) \/1+dx \/1+fx
C e

d fx (c+dx2) (e+fx2) (5adf+b (—4de+6cf+3dfx2)) -
\/c

de

dx? fx? P ) d cf
1+ 1+ EllipticF[i ArcSinh| | = x|, —]
c e c de

Problem 37: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2) Ve+dx?
Ve s fx?

EllipticE[i ArcSinh| d x|, i} +i(-de+cf) (5af (2de-3cf)+be(-8de+9cHf))
\/ c

dx
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Optimal (type 4, 282 leaves, 5steps):
(2bde-bcf-3adf) xVec+dx? bxVc+dx® Ve+fx2
- +
3dfe+fx? 3f

Ve (2bde—ch—3adF) AJc+dx? EllipticE[Ar‘cTan[

+

\/?x de

J»1-—]

Je cf

/

34§32 c+dx2 m be 3a'F) mElllptlcF[Ar‘cTan[%], 1- ‘Zf]

c (e 1‘:x2
<+ 332 | eledd) e

c (e+fx?)

Result (type 4, 215leaves):

b 91‘:x<c+dx2) (e+Fx?) -
\| €
d x? f x2 L ] . d cf
e(—2bde+bcf+3adf)\/1+ \/1+ EllipticE[i ArcSinh|[ | = x|, —] +
c e c de
i dx? f x? .. . . d cf
i(2be-3af) (de+c-F)\/1+ \/1+ EllipticF[i ArcSinh| /*X],*}/
C e C de

e fcrdn Jerfr
C

Problem 38: Result unnecessarily involves imaginary or complex numbers.

a+bx?
j dx
\/CerX2 \/e+fx2
Optimal (type 4, 206 leaves, 4 steps):
bxm bve \c+dx? E111pt1cE[Ar‘cTan[L} 1-4¢]

dVe+fx2
e d\F /em Verfx?

ave Vc+dx? E111pt1cF[Ar‘cTan[L} 1-

d
cVF | eledX] ey
c ef 2

Result (type 4, 131 leaves):

ot
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, d x? f x2 o . . d cf
-1 |1+ 1+ beElllptlcE[nAr‘cSmh[ — x], 7} +
C e C de
(-be+af) EllipticF[i ArcSinh| d x|, ;i} / d 1C\/c+dx2 \/eJr-Fx2
d e c

Problem 39: Result unnecessarily involves imaginary or complex numbers.

J a+bx? dx
(c+dx2)3/2\/e+fx2
Optimal (type 4, 209 leaves, 3 steps):
(bc-ad) Ve+fx* EllipticE[ArcTan| 3@} ,1- <F]

AJc de
- +

VENT (de-cf) Verdx | elete

c+dx)

Ve (be—a-F) Ve+dx? EllipticF[ArcTan[@}, 1- dfe}

Ve cf

cﬁ(de—cf) eledX) o fx2

c (e+fx?)

Result (type 4, 206 leaves):

d (bc-ad) x (e+fx?*) +
VA
. d x? f x? L . . d cf
i(bc-adje [1+ 1+ EllipticE[i ArcSinh| | = x], —] -
c e c de
d x? f x? . . . d cf
a(de+c-F)\/1+ \/1+ EllipticF[i ArcSinh|[ | = x], —] /
C e C de

(d (~de+cf)Jordx® \Jesfx?

nja

Problem 40: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J dx
(c+dx2)5/2\/e+fx2

Optimal (type 4, 284 leaves, 4 steps):
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(bc—ad)xx/eﬂcx2

- +

c(de-c¥) (c+dx2)3/2

(2ad(de-2cf)+bc (de+cf)) mElllptlcE[Ar‘cTan[ X],1_i]/
c
£ 2
[3c3/2\/— de—c-F m\/ﬁ
c+dx?
Ve V/f (2bce+ade- 3ac-F) c+dx? EllipticF[ArcTan] fx},1_d7i}/
e C

d 2
c? (de—cf)2 (e rdx v e+ Fx?

c <e+fx2

Result (type 4, 302 leaves):
1

3 ¢2 l% (de—m‘:)2 <c+dx2)3/2\/e+fx2

[ d x(e+fx2) (bc (2c2-F+d2ex2+cd-Fx2) +ad (—5c2-F+2d2ex2+cd (3e—4fx2>)) +
\/c

2 2
e(2ad(de—2cf)+bc(de+cf))(c+dx2)\/1+d: \/1+fex

de

dx? fx? o . . d cf
(c+dx?) [1+ 1+ EllipticF[iArcSinh|[ | = x|, —]
C e c de

Problem 41: Result unnecessarily involves imaginary or complex numbers.

d cf
EllipticE[i ArcSinh| | = x], —]+1i (-de+cf) (bce+2ade-3acH)
\/c

a+bx
J dx
(c+dx2)7/2\/e+fx2

Optimal (type 4, 401 leaves, 5 steps):
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(bc—ad)xx/eﬂcx2 (4ad (de—2cf> +bc (de+3cf)) xve+fx?

- + +

c(de-c¥) (c+dx2)5/2 15 2 (de—cf)z(c+dx2)3/2

((bc (2d2e2—7cdef—3c2fz) +ad (8d2e2—23cdef+23czfz)) v e+ fx?

cf

ax) g ocf)

N3 de

EllipticE [ArcTan [

e+'FX2
/[15C5/2\ﬁ (de-cH) 3. c+dx?

(c+dx2)

Ve Af (bce(de-9cf)+a(4d’e’-11cdef+15c* %)) /c+dx?

\/?x de

e ]:1—;]

EllipticF [ArcTan|

d 2
/{15c3 (de—cf)3 <c+ X A e+ fx?

e+'FX2

Result (type 4, 393 leaves):

1 - gx<e+1:x2)
\| ¢
15 ¢3 /% (defcf)3 (c+dx2)5/2\/e+fx2

(3c2 (bcfad) (dech)ZJrc (7de+cf) (4ad (defch) +bc (de+3cf)) (c+dx2) +
(ad (—8d2e2+23cdef—23c2fz) +bc (—2d2e2+7cdef+3c2fz)> (c+dx2)2) -

d x? f x2
i(c+dx2)2\/1+ \/1+
C e

e (ad (—8d2e2+23cdef—23c2f2> +

bc(-2d*e®+7cdef+3c?f?)) EllipticE i ArcSinh| /9 x|, :—f] +(de-cH)
C e
(2bce(de-3cf) +a (8d*e?’-19cdef+15c?f?)) EllipticF[i ArcSinh| d x|, ;—f}
C e

Problem 42: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2) (c+dx?)>?

(e+-Fx2)3/2

Optimal (type 4, 501 leaves, 7 steps):
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1
15ef3 e+ fx?
(Saf (8d*e®*-13cdef+3c*f?) -2be (24d2e2—44cdef+19c2f2)) XA/ c+dx? -
(be—af) x<c+dx2)5/2 d (be (24de—23cf) —5af<4de—3cf)) xVerdx® Verfx?

+

efve+fx? 15ef3
d(6be-5af)x (c+dx2)3/2\/e+fx2
N
5ef?

((Saf (8d2e*-13cdef+3c?f2) -2be (24d%e® -44cdef+19cf2)) /c+dx?

/

Ve (10adf (2de-3cf) -b (24d?’e*-41cdef+15c2F)) /c+dx?

de

Js1-—]

Ve cf

f x
EllipticE [ArcTan|

C+dX2
15/e f7/2 \/m

(e+1‘x2

g2

Ve cf

EllipticF [Ar‘cTan [

d 2
/[15-F7/2 (c+ x \J e+ fx?
C

e+-Fx2

Result (type 4, 369 leaves):

1

91:x(c+dx2) (5af(-6cdef+3c®f>+d’e (4e+fX?)) +
\| ¢
15 l eftVecrdx® VerFfx?

be (—15c2f2+cdf(41e+11fx2> - 3d? (8e2+2e-Fx2—1°2x4))) -
ide (-Saf(8d2e2-13cdef+3c2f2) +2be (24d2e2-44cdef+19c2f2))

d x? f x? L . . d cf
1+ 1+ ElllpthE[Jl Ar‘cSmh[ - x} s 7] -
C e C de
i

e (—de+cf) (Sadf (—8de+9cf) +b (48d2e2—64cdef+15c2f2>)

d x? f x? L ) . d cf
1+ 1+ E111pt1cF[1L Ar‘cSmh[ - x}, 7]
C e C de

Problem 43: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2) (c+dx2)??

e+ Fx2) 2

dx

Optimal (type 4, 358 leaves, 6 steps):
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(be (8de—7cf) —3a-F(2de—cf)) xvc+dx?
3ef2 e+ fx?

d(4be-3af) xvVec+dx? Vet fx2

(be-af)x (c+dx2)3/2
.

efVerfx? 3ef?
(be (8de-7cf)-3af (2de-cf))+/c+dx® EllipticE[ArcTan| e B 1——{}
e c

3+/e F°/2 M \J e+ fx?
)

c (e+-Fx2

{\/? (4bde—3bcf—3adf> A c+dx? EllipticF[Ar‘cTan[\F

e | olerdd) e
)

c(e+fx?

Result (type 4, 260 leaves):

d f x (c+dx2) <3a-F(—de+c-F> +be (4de—3c-F+d-Fx2>) -
\| ¢

; d x? f x?
Jlde(3af(2de+cf)+be(8de+7cf))\/1+ \/1+
c e

de

2
1+-FX EllipticF[i ArcSinh| d x|, ;—-F] /[3 d e-F3\/c+dx2 \/e+1:x2
e \[ © e \ ¢

Problem 44: Result unnecessarily involves imaginary or complex numbers.

(a+bx2) Ve+dx?
j <e+fx2)3/2

Optimal (type 4, 258 leaves, 5 steps):

VP , d cf, . d x?
EllipticE[iArcSinh|[ |~ x|, —]-ie(-de+cf) (-8bde+3bcf+6adf) [1+
C c

dx
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(be—a1c)xx/c+dx2 (2be—a1c)xx/c+dx2

+ —

efve+rfx2 eferfx
(2be-af) mEllipticE[ArcTan[%}, 1- ‘i—i]

e (crdx?)
Ve f2 | eledd] e

c (e+fx?)

cf

be Vc+dx? EllipticF[Ar‘cTan[%}, 1-4¢]
e

d2
g2 [eledd) T mene

c (e+fx?)

Result (type 4, 208 leaves):

19 (beraf)x(crdx)-
c
; x? f x? s . . d cf
1de(2beaf)\/1+ \/1+ EllipticE[i ArcSinh|[ | = x|, —] -
C e C de
d x? f x? L , . d cf
e(—2bde+bcf+adf)\/1+ \/1+ EllipticF|i ArcSinh| /—x],—}/
c e C de
d
fe-Fz\/c+dx2 \/e+-Fx2
\/c

Problem 45: Result unnecessarily involves imaginary or complex numbers.

J a+bx? dx

Ve+rdx? (eJr-sz)”2

Optimal (type 4, 209 leaves, 3 steps):
(be-af)c+dx? EllipticE [Ar‘cTan[@] ,1- di]

Ve cf

Ve VE (de-cf) [letdl ergE

c (e+fx?)

cf

(bc-ad) Ve Vc+dx? EllipticF[Ar‘cTan[@}, 1-4¢]
e

cx/?(de—cf) eledx) \fo i fx2

c (e+fx?)

Result (type 4, 212leaves):

| 21
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19 fbevaf)x(cidnd) -
c
: x? f x? . . . d cf
ide (be-af) \/1+ \/1+ EllipticE[i ArcSinh[ | = x|, —] -
C e C de
. d x? f x? L , . d cf
1be(—de+cf)\/1+ \/1+ EllipticF[i ArcSinh| /— x|, —] /
c e c de

[ d e-F(—de+c-F) \/c+dx2 \/e+-Fx2

Problem 46: Result unnecessarily involves imaginary or complex numbers.

J a+bx? dx
(c+dx2)3/2 (e+-Fx2>3/2

Optimal (type 4, 272 leaves, 4 steps):
(bc-ad) x

c(de-c¥) Verdx?: Verfx?

NE3 (2bce-ade-acf)\/c+dx? EllipticE[Ar‘cTan[\/?X}, 1—d—e}

/

Ve cf
d 2
cd?(de—cf)2 (c+dx m
(e+Fx2
\/?(bde+bcf—2adf)WEllipticF[Ar‘cTan[\/\/—ix},1—d—i} /
e c

d 2
C\/?(dG—C'F)Z (c+dx \Je+fx?

C (e+fx

Result (type 4, 262 leaves):
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9] 2 x(a (2P icdPx d2e (er£x2)) ~bee (cfrd (er26x2))) -
c c
. d x? f x? L , . d cf
1de(2bcea(de+cf>)\/1+ \/1+ EllipticE[i ArcSinh|[ | = x|, —] -
C e c de
. d x? f x? L , . d cf
i(bc-ad)e(-de+cf) [1+ 1+ EllipticF[i ArcSinh[ | = x|, —] /
c e c de

(de (de—cf)z\/c+dx2 \/e+fx2)

Problem 47: Result unnecessarily involves imaginary or complex numbers.

J a+bx? dx
(c+dx2)5/2 (e+fx2>3/2

Optimal (type 4, 375leaves, 5steps):
(bc-ad) x (2ad (de-3cf) +bc (de+3cf))x

- + +

c(de-c¥) (c+dx2)3/2\/e+1‘:x2 3¢2 (de—cw‘:)zx/c+dx2 Ve + fx?
VF (bce (de+7cf) +a (2d2e2—7cdef—3c2f2)> A c+dx?

d 2
EllipticE[Ar‘cTan[\/?X],l de] / 3c?Ve (de-cf)’ lc+dx N e+ fx?
Ve cf c(e+fx
o VE x de
(\/?\/?(ad(de9cf)+bc(5de+3cf))\/c+dx2 E111pt1cF[Ar‘cTan[r], 77]/
P c

d
c? (de—c-F)3 c+ X A e+ fx?

c <e+fx2

Result (type 4, 428 leaves):
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e (—bce (3c3152+d3ex2 (e+Fx2> +cd?fx? (4e+7fx2> +c2df <5e+11-Fx2)) +

a(3c*f+6dfPx?-2d*e®x? (e+Ffx?) +
c?d®f (8e?+8efx?+3fx*) +cd’e (-3e2+4efx?+7FxY))) -

ide (bce (de+7cf) +a(2d? 2—7cdef—3c2f2)) (c+dx2>

2 cf

d
EllipticE[i ArcSinh| | = x], —] -
e c de

1+

ie(-de+cf) (2ad(de-3cf)+bc(de+3cf)) (c+dx?)

d x? fx? . . . d cf
1+ E111pt1cF[11 Ar‘cSmh[ - x}, 7]
C e C de

1+

Problem 48: Result unnecessarily involves imaginary or complex numbers.

J* e+ fx? dx
Va+bx? (c+dx?)*?
Optimal (type 4, 209 leaves, 3 steps):
(de-cf) Va+bx? EllipticE[ArcTan| 3@} , 1]

AJc ad
- +
Ve +/d (bc—ad) ¢ (arbx) a+Zx2 Ve +dx?
a (c+d X

Ve (be-af)Va+bx? EllipticF[ArcTan[@}, 1-5¢]

Nra ad

a\/?(bc—ad) clabx) o Tdx2

a (c+dx?)

Result (type 4, 212leaves):
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12 d(de-cf)x(asbx) -
a
bx2 dx2 L , . b ad
]le de+c-F [JlAr‘cSmh[ fx],f}—
C a bc
b x? d x? L , . b ad
-bc+ad) \/ \/ [JlAr‘cSmh[\/jx],—} /
C a bc
/Ecd(—bc+ad)\/a+bx2 \/c+dx2
a

Problem 49: Result unnecessarily involves imaginary or complex numbers.
e+fx?
J dx
a-bx2 (c+dx?)*?
Optimal (type 4, 247 leaves, 8 steps):

(de—cF) xVa-bx?

c(bc+ad) Verdx?

Va \/b (de-c¥) WElllpthE Ar‘cSm[\/FX} ﬂ}/
JVa bc
\/?f\/l—M \/1+d—x ElllpthF[Ar‘cSm[D], - ad]
2 e )
cd(bc+ad)\/m 1+d—x + ’ ‘ @ ¢
c

Vb dvVa-bx2 \c+dx?

+

Result (type 4, 220 leaves):
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|22 dde-cf)x(a-bx) s

a

' b x2 d x? L. . . b ad

1bc(de+cf)\/1\/1+ EllipticE[i ArcSinh[ |- — x|, - —] -
a C a bc

. b x? d x? . . . b ad

1c(bc+ad)f\/1——\/1+ EllipticF[i ArcSinh|[ |- = x],——]/
a C a bc

b cd(bc+ad)\/afbx2 \/c+dx2

\/ a

Problem 50: Result unnecessarily involves imaginary or complex numbers.

J e+fx? dx
Vaibx [c-dx?)??
Optimal (type 4, 237 leaves, 8 steps):

7 (1 df e11imts . [V@x] _be
(de+cf)xm (de+cf) Va+bx 1-2 E111pt1cE[Ar‘c51n[ﬁ}, ]

.
b d) Vc-dx?
¢(becrad)Ve-dx Ve +d (bc+ad) /1+—baXZ c-dx2

e\/lﬁ’a—xz \/1£ EllipticF[Arcsin[%}, - 2]

c ad
Ve /d Va+bx® /c-dx?
Result (type 4, 213 leaves):

b d(de+cf)x(a+bx’) -
\[ a
. b x2 d x? L . . b ad
1bc(de+cf)\/1+ \/1——E111pt1cE[1Ar‘c51nh[ = x|, -—]+
a [¢ a bc
b x? d x? L . b ad
Jic(bc+ad)1‘\/1+ \/1 EllipticF[i ArcSinh|[ | = x|, - —] /
a C a bc
b cd (bc+ad) \/a+bx2 \/c—dx2
\/a
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Problem 51: Result unnecessarily involves imaginary or complex numbers.

e+ fx?
J dx
Vasb® (c-dxt)¥?

Optimal (type 4, 242 leaves, 8steps):

(descf]xabx (de+cf) Va-bx? ll—dciz EllipticE[Ar‘cSin[%],:—;}

- + +

c(bc—ad)m \/?\/?(bc—ad)\/jm

bx? dx? " in[Vd x] bec
e\/l— : \/1— CX EllipticF [ArcSin| WX}’ <]

ad

Ve +Jd Va-bx2 Vc-dx2
Result (type 4, 221 leaves):

Fd(de+cf)x(a—bx2)+

_ b x? d x? L. , . b ad
ibc(de+cf) [1-—— [1-—— EllipticE[iArcSinh| |-—= x|, —]+

a C a bc

. b x2 d x2 L , . b ad
ic(-bc+ad)f [1-—— |1-—— EllipticF[iArcSinh] ——x},—]/
a c a bc
/—Ecd(—bc+ad)\/a—bx2 \/c—dx2
a

Problem 52: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J dx
V2+dx2 \/3+Fx2

Optimal (type 4, 191 leaves, 4 steps):
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2 i 3 f x 3d
bx\2+dx2 \/?b\/mE111pt1cE[Ar'cTan[3Lﬁ ], 1- zf}
dv/3+fx2

+

dVF |22 3iEe

3+f x2

a/2+dx? EllipticF [Ar‘cTan[%} ,1- M}

2f

VIAF (292 3iEe

3+f x2

Result (type 4, 81 leaves):

1

V3 d f
i 3bEllipticE[1’1Ar‘cSinh[\HX}, 2 (-3b.af) EllipticF[i Ar‘cSinh[\/?X], 2t
| 3d vz 3d

Problem 53: Result unnecessarily involves imaginary or complex numbers.
(a+bx?) V2+dx*
e
Optimal (type 4, 262 leaves, 5 steps):
(6bd-2bf-3adf) xV2+dx2 bx/2+dx? V3+Ffx
_ 3df/3+Fx? ’ 3f

{\/7 (6bd-2bf-3adf)+/2+dx? EllipticE|ArcTan|

dx

+

\Fx},liﬁ

V3 2f

1)/

34602 2+dx? \/m _\E(b—af)\/mElllptlcF[Ar'cTan[ ﬁx],l—zf}

3+Ffx? R
32 [ ZdC L\ [3 £ 2

3+f x?

Result (type 4, 142leaves):

] +

1
34/d f2
. - . ooVd x, 2f
b/d fx\[2+dx? \[3+Fx% +i+/3 (6bd-2bFf-3adf)ELlipticE[i ArcSinh]| ], =
Jz o 3d
i3 (3d-2f) (-2b+af] EllipticF[iArcSinh[ﬁX], 2t
J2 o 3d

Problem 54: Result unnecessarily involves imaginary or complex numbers.

j(a+bx2) \/2+dx2 \/3+-Fx2 dx
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Optimal (type 4, 356 leaves, 6 steps):
(5adf (3d+2f) -2b (9d?-6df+4F2)) xV2+dx?

+

15d2f+/3+Ffx?
(3bd-4bf+5adf) xV/2+dx® V3+fx2 bx(2+dx?)*?/3+Ffx?
" -
15d f 5d
o VE x 3d
V2 (5adf (3d+2f) -2b(9d?>-6df+4F2))/2+dx* EllipticE[ArcTan| e 1, 1——{} /
3 2
2+dx2
15 d? £3/2 3+ Fx?
3+Ffx?
V2 (3bd+2bf-10adf)~/2+dx? EllipticF[Ar‘cTan[\/?X],l—ﬁ] /
vz af
2
sqpe | 279X [3ee
3+ fx?
Result (type 4, 186 leaves):
Py Vd Fx~f2+dx \[3+Fx2 (2bF+5adf+3bd (1+Fx2)) -
Jl\/?(fSadF(3d+2-F)+2b(9d2—6d-F+4-F2))EllipticE[jArcSinh[\/?x}, £]+
V2 0 3d

v x), 24
J2 o 3d

iV3 (3d-2f) (-6bd+2bf+5adf) EllipticF[i ArcSinh|

Problem 55: Result unnecessarily involves imaginary or complex numbers.
J -vVb2-4ac +2cx?
\/1+

dx

2cx? 14 2cx?

-b-+/b%-4ac -b++/b%*-4ac

Optimal (type 4, 113 leaves, 2 steps):
1

N

2 b-+b?-4
b-~/b’ -4ac [b+\/m) EllipticE[Ar‘cSin[ V2 Ve x }, ac}
e aac  beb dac

Result (type 4, 104 leaves):
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c c b-+vb%2-4ac
-21+/2 a EllipticE[i ArcSinh[~/2 x|, ]
-b++/b%2-4ac -b++/b%2-4ac b++vb%2-4ac

Problem 56: Result unnecessarily involves imaginary or complex numbers.
J b-+vb2-4ac +2cx?
\/1+

dx

2cx? 14 2cx?

b-/b%*-4ac b++/ b%-4ac
Optimal (type 4, 526 leaves, 5 steps):

b-Vb2-4ac |x |1+ —2X
( ) b-/b%-4ac

- [b— b2—4ac) b++/b?-4ac

1+ 2cx?
b+v/b%-4ac
2cx? 2 2/b2 -4
14— EllipticE|ArcTan| V2 e x ]s - ~ }/
b-+Vb2-4ac lb+\Vb2-4ac b-+Vb2-4ac

2cx?
\/1+ + [b—x/b2—4ac) b++b>-4ac
e — b+

Vb2-4ac
2 2 2 2Vb2-4
14—  EllipticF|ArcTan| V2 Ve x ]s - . }/
b-+Vb*-4ac lb+/b2_dac b-+Vb%*-4ac
2cx?
1+ —m———
b b7 dac
Result (type 4, 203 leaves):
1
Np ——
b-/b%*-4ac
b-+vb2-4
i [b+x/b2—4ac)EllipticE[iAr‘cSinh[\/? ¢ x}, ac ]—
b-+b%>-4ac b++vb?>-4ac

b-+vb%-4
2+/b?-4ac EllipticF[j Ar‘cSinh[\E ¢ x}, ac ]
b-+Vb%2-4ac b+vVb2-4ac
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Problem 64: Result unnecessarily involves imaginary or complex numbers.

dx

J(c+dx2)5/2\/e+fx2

a+bx?

Optimal (type 4, 608 leaves, 14 steps):
d (7ce—2‘i—ez+ B'ijﬁ) xVec+dx?

+

15b/e+ fx?
(bc-ad) (bde+abcf-3adf) x/c+dx? d(bc-ad)xc+dx? Ve+fx?
367 e s Fxt ' 302
2d (de-3cf) xVc+dx? Ve+fx? d?x/c+dx? (e+fx?)??
15b f ' 5bf .

Ve (15a2d*f2-5abdf (de+7cf) +b? (-2d*e?+12cdef+23c?f2)) \/c+dx?

/ 15b° £3/2

de

M x) o de

Ve cf

EllipticE [ArcTan|

de

Ve Xy dey
\/Z cf

EllipticF [ArcTan [

/ 15b% ¢ £3/2

(bc-a ) e¥2+/c+dx? EllipticPi[1 Ar‘cTan[Q}, 1-4¢]

e cf
| e (crdx?)
ablc+/f e“fxz Ve+fx?
cle

Result (type 4, 456 leaves):

| 31
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1

15 a b* /% f2/c+dx® Verfx?

-iabde (15a2d2-F275abd1c (de+7cf) +b? (72d2e2+12cdef+23c2f2>)

2

d cf
EllipticE[iArcSinh| | = x], —]-1ia (45a’bcd’f>-15a°d’>f* +
c de

1+

5ab%df (dzez—cde-F 9c? f2> +b3 (2d3e3—13cd2e2f+11c2defz+15c3f3))

x2 d cf
[iArcSinh| | = x], —] +
C de

flabza |4 x (c+dx?) (e+fx?) (11bcf-5adf+bd (e+3fx?))-15i (bc-ad)?
C

d x? f x? .. _..bc . d cf
1+ EllipticPi|[—, i ArcSinh[ | = x|, —]

f(be—a-F) 1+
C e ad C de

Problem 65: Result unnecessarily involves imaginary or complex numbers.
j<c+dxz)3/2\/e+fxz

a+bx?

dx

Optimal (type 4, 400 leaves, 7 steps):
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(bde+4bcf-3adf)xVc+dx> dxc+dx® Ve+fx?
+

302 e Frd 3b 7
L. o x de
Ve (bde+4bcf-3adf)+/c+dx® EllipticE[ArcTan| = ],1——1:]/
e C

e (c+dx?) eiea? |

c (e+fx2)

3b2+/f

d(5bc-3ad)e*2+/c+dx? EllipticF[Ar‘cTan[@}, 1-9¢]

e cf

3p2cAff | ¥ e E N2

C

(bc-ad)?e*2~/c+dx? EllipticPi] 17— ArcTan[@}, 1-9¢]

e cf
[ e (crdx?)
ab?c/f ec*fxz Ve+fx?
cle X

Result (type 4, 346 leaves):
1

3ab3 l% ficrdx® Verfx?

dx
-iabde (bde+4bcf-3adf) [1+ 1+
c e

L. ) . d cf
EllipticE[i ArcSinh| | = x], —] -

C de

1+ 1+
C e

d x? f x2
a (—6abcd1‘2+3a2d2f2+b2 (—d2e2+cdef+3c2f2>)

EllipticF[i ArcSinh| d x|, :—f} £ labza |4 x (c+dx?) (e+Ffx?) -
C e c

d x? f x? .. . bc . d cf
1+ ElllptlcPl[—, nAr‘cSmh[ — x}, —]
C e ad C de

3i (bc-ad)?(be-af) [1+

Problem 66: Result unnecessarily involves imaginary or complex numbers.
J\/c+dx2 e+ fx?

a+bx?

dx

Optimal (type 4, 321 leaves, 6 steps):
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.. VL de
werdxd Ve V/f Vc+dx? EllipticE [ArcTan]| ﬁx}, 1- mﬂ
b\/e+'FX2 b e C+dX

c (e+fx?)

+

\/e+fx2

de*2+/c+dx? EllipticF[ArcTan| @] ,1-4¢]

Ve cf

+

bcFf e (crdx) \/e+-Fx2

c (e+fx?)

(bc-ad)e¥2+vc+dx® EllipticPi] 1—— Ar‘cTan[D], 1-9¢]

Ve cf
abcf 'e?ii Ve +fx?

Result (type 4, 184 leaves):

, d x? f x2 L . . d cf
-1 1+ 1+ abdeEllipticE[iArcSinh|[ | = x|, —] +

C e C de

L ) . d cf
(bc-ad) |afEllipticF|iArcSinh| | = x], d—] +(be-af)
c e

EllipticPi[b—:, i ArcSinh| d x|, :—-F} / ab? d \/c+dx2 \/e+1‘:x2
a c e c

Problem 67: Result unnecessarily involves imaginary or complex numbers.

[ ara
(a+bx2) Vve+dx?

dx

Optimal (type 4, 102 leaves, 1 step) :
e¥2~/c+dx? EllipticPi[1 , ArcTan]| Q} ,1-4¢]

[ e (crdx?)
acy/f e?fxz Ve+fx?

Result (type 4, 143 leaves):

. d x? f x? L . . d cf
-1 |1+ 1+ a-FElllptlcF[JlAr‘cSmh[ fx],f}Jr

C e C de

(be-af) EllipticPi[bfc,jArcSinh[ 9x],:ff} /ab 9\/c+dx2 \/e+Fx2
e \| €

ad C
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Problem 68: Result unnecessarily involves imaginary or complex numbers.
J Verfx2
<

a+bx?) (c+dx2)3/2

Optimal (type 4, 209 leaves, 3 steps):
\d e+ fx? EllipticE [Ar‘cTan [ %] , 1- i}

de

N
\/?(bc—ad>\/c+dx2 ¢ lerf )

e (c+dx?)

be*2+c+dx? EllipticPi[1- Ar‘cTan{D], 1-49¢]

cf
dZ
ac(bc-ad)f lec*x e+ fx?
e+‘FX

Result (type 4, 347 leaves):

1 d

-bc+ad) Verdx?: Verfx? c

f x? L ) . d cf
*ex+ad *fx +iade 1+ EllipticE[i ArcSinh|[ | = x|, —] +
e C de
d x? f x? Lo ] . d cf
a(-de+cf) |1+ 1+ EllipticF[i ArcSinh|[ | = x], —] +
c e c de
. d x? f x2 ... ..bc . . d cf
ibce [1+ 1+ EllipticPi|—, i ArcSinh[ | = x|, —] -
c e ad c de
) d x? f x? .. . bc . d cf
iacf [1+ 1+ EllipticPi[—, i ArcSinh|[ | = x|, —|
c e ad C de

Problem 69: Result unnecessarily involves imaginary or complex numbers.
j Verfx®
(

a+bx2) <C+dX2)5/2

dx

Optimal (type 4, 401 leaves, 6 steps):
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dxVe+fx?
3¢ (bc-ad) (c+dx2)3/2

(\/? (bc(5de-4cf)-ad(2de-cf))Je+fx? EllipticE[ArcTan[ﬁx], 1—2]

e+'FX2
3c3/2(b de—C'F \Jc+dx?

(C+dx2)

+

de¥2+/f Jc+dx? EllipticF[Ar‘cTan[%], 1- d—e]
e

cf

+

3c? (bc-ad) (de-cf) eled) \fo fx2

[« e+Fx
b2e3/2+/c+dx? EllipticPi [ , ArcTan [ @} s, 1- dfi}
e c
ac(bc-ad)’*~/f elerdd] \fofx?
c (e+fx?)
Result (type 4, 427 leaves):
1 dy3/2
ac [—] x (e+fx?)
c

3ac? l% (bc—ad>2<—de+cf) (c+dx2>3/2m

(bc (6cde—5c2f+5d2ex2—4cdfx2) +ad (—3cde+2c2f—2d2ex2+cdfx2>) -

2 2
iade (ad (Zde—cf) +bc <—5de+4cf)) (c+dx2) \/1+dx \/1+fx

C e

EllipticE[i ArcSinh| ix],:—ﬁ—ia(—de+cf) (2ad’e+bc (-5de+3cf))
\[ ¢ e
2 2
(c+dx2>\/1+dx \/1+-Fx EllipticF[i ArcSinh| 9x},ﬂ]—3j1bc2(befa'l:)
C e C de
d x? f x? .. _..bc . . d cf
(-de+cf) (c+dx2)\/1+ \/1+ EllipticPi[—, i ArcSinh|[ [ = x], —|
C e ad c de

Problem 70: Result unnecessarily involves imaginary or complex numbers.
J Verfx?
(

a+bx2) (C+dx2)7/2

dx

Optimal (type 4, 630 leaves, 9 steps):
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dxVe+fx? d(bc(9de-8cf)-ad(4de-3cf))xVe+fx?
5c(bc-ad) (c+dx2)5/2 15¢2 (bc-ad)?® (de-cf) (c+dx2)3/2
b2/d e+ x> EllipticE[Ar‘cTan[%}, 1- i]

+

\/?(bc—ad)3\/c+dx2 ¢ lerf )

e (c+dx?)

{\/d_ (ad (8d°e®*-13cdef+3c*f*) -2bc (9d’e*-14cdef+4c*))

\ e+ fx? E111pt1cE[Ar‘cTan[\/d_x], 1- C-F] /

e+-Fx2
[15c5/2(b de—cf 7/ € +dx? ;
c+dx

d e3/2 \/—

(be(9de-11cf)-2ad (2de-3cf)) /c+dx® EllipticF [ArcTan] X]’l‘di]/
Ve cf
d 2
15¢% (bc-ad)? (de-cf)? l+dx \/e*?
c(e+1‘:x2
ble32+/c+dx? EllipticPi[1 - ArcTan[@}:l—g_ﬂ

d
3F | eledd) e
c (e+fx?)

Result (type 4, 584 leaves):
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1

15ac3 /% (bc—ad)3 (de—c-F)2 <c+dx2)5/2\/e+fx2

-ad d x(e+fx2) (3c2 (bc—ad)z(de—cﬂzJr
\| c

c(bc-ad) (-de+cf) (ad (4de-3cf)+bc(-9de+8cf)) (c+dx?) +
(abcd(—26d2e2+41cde1‘:—11c21‘:2)+a2d2 (8d2 2—13cde-F+3c21C2>+

2 2
b?c? (33d%e?-58cde f+23c? ) (c+dx2)2)—i(c+dx2)2\/1+dx \/1+fx
C e

ade (abcd (—26d2e2+41cdef—11c21c2) +a? d? (8d2e2—13cdef+3c2f2) +

@ de

b c? (33d?e>-58cdef+23c ) ) ELLipticE[i ArcSinh| | d x|, ﬂ] -

(de-cf) |[-a(2abcd’e (13de-14cf) +a*d’e (-8de+9cf) +

b>c? (-33d*e’+49cdef-15c?f?)) EllipticF[i ArcSinh| d x|, :i} +
\/ c e

a de

15b2c® (be-af) (-de+c¥) EllipticPi[b—:, i ArcSinh | / d x| 2]
C

Problem 71: Result unnecessarily involves imaginary or complex numbers.

(c+dx2)3/2 (e+Fx2>3/2 4
X
J a+bx?

Optimal (type 4, 659 leaves, 14 steps):
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(bc-ad)?f2x\c+dx* 2(bc-ad)f(2de-cf)xVc+dx?

Bdve X 3b2de Fx )
(3d2e2+7cde1:—2<:21‘:2)X\/m+ (bc-ad) fxVc+dx? Ve+fx? .
15bd/e+fx2 3b?
2 (3de-cf) xVec+dx? Ve+fx? +1:x(c+dx2)3/2\/e+ﬁ_
15b 5b

Ve (15a*>d*f>-20abdf (de+cf) +3b*> (d*e’*+9cdef+c? ) ) /c+dx?

c+dx2
15b3d\/ e fxz \Je+fx?
+

3/2(15a d?f+3b%c (8de+3cw‘:)—5abd(3de+5mc c+dx

c+dx2
{15b3cx/ e -Fx2 \Je+fx?
+

((bcad)2 e¥? (be-af)\/c+dx? E111pt1cP1[17— Ar‘cTan[ } 17—}

af ﬁ cf
C+dx2
c\/_ \le+'FX
e+1‘x2

Result (type 4, 445 leaves):

\/?x 1de

EllipticE[ArcTan|

1|/

\/?x de

Js1-—]

Je cf

EllipticF [Ar‘cTan [

/
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1

15 a b* /% fcrdx® Verfx?

-iabe (15a*d*f*-20abdf (de+cf) +3b* (d®e®+9cdef+c*f?))

d x? f x? . . . d cf
1+ EllipticE [11 Ar‘c51nh[ - x} y —
C e C de

1+

] -

ia (—15a3d21C3+15a2bd1cz (de+2cf) -3b3%e <d2e2+cdef—7c2fz) +5ab%f

dx? fx2 s . . d cf
1+ ElllpthF[n Ar‘cSmh[ — x], 7} +
C e C de

(d*e*-7cdef-3c2F)) [1+

flab? d x(c+dx2) <e+fx2) (—5adf+3b(2de+2cf+dfx2))—151‘1 <bc—ad)2
C

d x? f x? .. . bc . . d cf
1+ ElllptlcPl[f, JlAf‘CSlnh[ — x}, 7]
C e ad C de

(be—aw‘)2 1+

Problem 72: Result unnecessarily involves imaginary or complex numbers.
Jm (e +Fx2)>?

a+bx?

dx

Optimal (type 4, 403 leaves, 7 steps):
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f(abde+bcf-3adf) xVec+dx? fFx/c+dx? Ve+fx?
+

3b2dVe+ fx? 3b
L. o de
Ve +/f (abde+bcf-3adf)/c+dx® EllipticE[ArcTan| s },1——{} /
e C

e (c+dx?) et | .

C (e+fx2)

3b%d

Ve Vf (5be-3af)Vc+dx? EllipticF[Ar‘cTan[%}, 1-9¢]
e

c de

2 (be-af)?e+fx? EllipticPi[1- :—;, ArcTan[%} ,1-<F]

ab2+/d e'/c+dx? clerfx)

e (c+dx?)

Result (type 4, 739 leaves):
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1
3ab3 l% Verdx? Vet fx?

ab?c 9e1cx+ab2d 9e~Fx3’+ab2c 9-F2x3+ab2d Q-FZXS—

C C C C
. d x2 f x2 L , . d cf
iabe (4bde+bcf-3adf) |1+ 1+ EllipticE|[i ArcSinh| | = x], —] -
C e C de
ia (3a2d1:273ab1c (de+cf) +b%e (7de+4cf))
dx? fx? . , . d cf
1+ 1+ E111pt1cF[11 Ar‘c51nh[ - x}, 7] -
C e C de
. d x? f x? .. . bc . d cf
3ib3ce? |1+ 1+ EllipticPi[—, i ArcSinh|[ [ = x|, —] +
C e ad C de

f x? .. _..bc . d cf
1+ EllipticPi| —, i ArcSinh[ [ = x|, —] +
e ad C de

d x2
3iab?de? |1+
C
cf

A d x? f x? .. _.bc . . d
6iab cef |1+ 1+ E111pt1cP1[f, JlAf‘CSlnh[ — x], ]—
C e ad C de

d x?
Gjazbdef\/1+
C

L, 5 d x? f x? .. _.bc . d cf
3ia’bcf? |1+ 1+ EllipticPi|—, i ArcSinh[ [ = x|, —] +

f x2 .. _..bc . d cf
EllipticPi[—, i ArcSinh|[ | = x|, —
e ad C de

] _

e ad C de

d x? f x? .. ./ bc . d cf
1+ ElllptlcPl[—, nAr‘cSmh[ — x], —
C e ad 4 de

]

Problem 73: Result unnecessarily involves imaginary or complex numbers.

J (e+fx2)3/2 4
X
(a+bx?) Vc+dx?

Optimal (type 4, 328 leaves, 6 steps):
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3/2 2 P Vf x de
2y dx? Ve f3/2+/c+dx? EllipticE|ArcTan| NS |,1- Cf}
bde+fx? e [crdx?)

bd c (e+fx?)

+

\/e+Fx2

e32~/f \/c+dx? EllipticF [Ar‘cTan [ %] ,1- lLE]
e

cf

+

e (crdx?)
bc [ &ledX \/e+-Fx2

c (e+fx?)

e¥2 (be-af) Vc+dx?* EllipticPi| 1— be Ar‘cTan[D], 1-9¢]

NS cf
abcf ’e?ii Ve +fx?

Result (type 4, 184 leaves):

, d x? f x2 e . . d cf
-1 1+ 1+ abefEllipticE[iArcSinh|[ | = x|, —] +
C e c de

(be-af) |afEllipticF|iArcSinh| /9 x|, ﬁ] +(be-af)
c

EllipticPi[b—:, i ArcSinh| d x|, :—-F} / ab? d \/c+dx2 \/e+1‘:x2
a \/ c e \| ¢

Problem 74: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(e +Fx2)%?
J dx
(a+bx?) (c+dx?)??
Optimal (type 4, 224 leaves, 3 steps):
(de-cf) Ve+fx? EllipticE[Ar‘cTan[l@}, 1- <5

Nra de
- +

\/—\/—(bc—ad)\/c+dx2 < (erfx)

e (c+d x2)

e¥2 (be-af)Vc+dx? EllipticPi| 17 ArcTan[%], 1-4¢e

cf
e (crdx?)
ac(bc-ad)Vf eledx) \fa i fx2
ce+‘Fx2

Result (type 4, 492 leaves):

| 43
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1

abd (-bc+ad) Vc+dx? Ve+fx?

d d d d ; d _, ,
— |abd | — e“x-abc | — efx+abd |— efx’-abc |— f°x°-
C C C C C
. d x? f x? L , . d cf
iabe (-de+cf) [1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] +
[« e C de
) 5 d x? f x? L ) . d cf
ia(-acf’+be(-de+2cf)) [1+ 1+ EllipticF[i ArcSinh[ | = x|, —] +
d e C de
o d x? f x2 .. _..bc . d cf
ib2ce? |1+ 1+ EllipticPi[—, i ArcSinh|[ | = x], —] -
C e ad C de
) d x? f x2 .. _.bc . d cf
2iabcef |1+ 1+ E111pt1cP1[f,1Ar'c51nh[ — x], 7}+
d e ad C de
9o d x? f x? .. _..bc . d cf
iaZcf? |1+ 1+ EllipticPi[—, i ArcSinh| | = x|, —]
C e ad C de

Problem 75: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(e+'FX2>3/2 4
X
J(a+bx2) (c+dx2)‘r’/2

Optimal (type 4, 391 leaves, 6 steps):
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(de—cf)xx/eﬂcx2

3c(bc-ad) (c+dx2)3/2

(bc(5de-cf)-2ad (de+cf))Je+fx? ElllpthE{Ar‘cTan[\/\/?_

e+-Fx2
[3c3/2\/— bc—ad 2 Jc+dx? ,
C+dX

e3/2\/—mE111pt1cF[Ar‘cTan \F ,1-92]

C‘F

+

3c¢? (bc-ad) elerd) \fofx2

(e+'FX

be Vf
be*? (be-af)/c+dx® EllipticPi[1- — Ar‘cTan[

C+dX2
ac bc—ad \/— " \Je+fx?
e+Fx

Result (type 4, 999 leaves):
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1

3ac? l% (bc—ad)2 (c+dx2)3/2\/e+fx2

d 3/2 d 3/2
3aZcd? fezx—6abc3[f] e?x+2abc? fefx+a2c3(f) efx-
C C C C

d d d 3/2
S5abcd® | — e?2x*+2a?d® | — e?2x3+5a2cd? —e-Fx3—5abc3(—) efx3+
C C C C

d d)3/2 d d
2abc3 ff2x3+a2c3(f) f2x3-5abcd® |— efx*+2a%d® | — efx®+
c c C c

d d\3/2
2 a%cd? —F2x5+abc3(—) f2x5+j1ae<bc<—5de+cf>+2ad(de+cf))
c c
5 d x? f x? L _ . d cf .
(c+dx?) [1+ 1+ EllipticE[iArcSinh| | = x|, —]-ia (-de+cf)
C e C de
5 d x? f x? L . . d
(5bce-2ade-3acf) (c+dx?) [1+ 1+ EllipticF[i ArcSinh| | = x],
c e c
o 3 d x? f x? .. . bc . . d cf
31b%cde? |1+ 1+ EllipticPi[—, i ArcSinh[ | = x|, —] +
d e ad c de
, 3 d x? f x? .. _..bc . d cf
6iabclef |1+ 1+ EllipticPi[—, i ArcSinh[ | = x|, —] -
C e ad C de
P, d x? f x? .. _./bc . d cf
3ia%c3f [1+— [1+ EllipticPi[—, i ArcSinh|[ | = x|, —] -
C e ad C de
2 24 2 d x? f x? .. _.ibc . . d cf
31b°c de x 1+ 1+ E111pt1cP1[f, 11Ar‘c51nh[ - x}, 7] +
C e ad 4 de
, 5 5 d x? f x? .. _..bc . d cf
6iabcidefx? [1+ 1+ EllipticPi[—, i ArcSinh|[ | = x], —] -
C e ad C de
.2 2 2.2 d x? f x? . .. .rbc . d cf
3ia‘c df x 1+ 1+ ElllptlcPl[f, nAr‘cSmh[ - x}, 7]

C e ad C de

cf
de

] .
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Problem 76: Result unnecessarily involves imaginary or complex numbers.
(e +Fx2)%?
J dx
(a+bx?) (c+dx2)7/2
Optimal (type 4, 639 leaves, 9 steps):
(de-cf) xVe+fx? (3bc (3de-cf)-2ad (2de+cf)) xVe+fx?

c(bc-ad) (c+dx?)*? 15¢2 (bc-ad)?® (c+dx?)’?
b~/d (be-af) Ve+fx? EllipticE[Ar‘cTan[l@}, 1- <5
N de

+

\/?(bc—ad) Verdx2 | clesfx)

e (c+d xz)

((ad (8d2 2—3cdef—2c2f2) -3bc (6d2e2—6cdef+c2f2))

A e+ fx? EllipticE{Ar‘cTan[\/?X], 1_ ﬂ] /

Ve de

e+fx
15c5/2\/7(bc—ad de—c-F A/ c+dx?

C+dx2>

+

(ea/z\/? (3bc (3de-2cf)-ad(4de-cf))/c+dx? EllipticF[Ar‘cTan[\/?

d 2
15c3(bc—ad)2(de—cf) (e +dx A e+ fx?

C (e+1cx2

b>e¥? (be-af)+/c+dx? ElllpthPl{l—b—e Ar‘cTan[\/?X},l—d—e}

Ve cf
c+dx2
ac bc—ad 3VE " \Je+fx?
e+'FX

Result (type 4, 570 leaves):

/
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1

15ac3 /% (bc—ad)3 (de—c-F) (c+dx2)5/2\/e+fx2

a\/?x (e+Fx) (3c2 (bc—ad)2 (de—c-F>2+

c(bc-ad) (-de+cf) (3bc (-3de+cf)+2ad(2de+cf)) (c+dx?) +
(azd2 <8d2e2—3cde-l:—2c21‘:2)+3b2c2 <11d2 2—11cde1c+c21‘:2)+

2 2
2abcd (—13d2e2+3cdef+7c2f2)> (c+dx2)2) + 1 (c+dx2>2\/1+dx \/1+fx
C e

ae (—3b2c2 (lldzez—llcdef+c2fz) +a? d>? (—8d2e2+3cdef+2c2f2) -

2abcd (-13d’e*+3cdef+7c?f?)) E1lipticE[i ArcSinh| /9 x|, :—f] +(de-cHf)
C e

{a (3b°c®e (11de-8cf) +a’d’e (8de+cf) +abc (-26d°e*-7cdef+15c*f*))

L . . d cf
EllipticF i ArcSinh| | = x], de |-
\| © e

15bc3 (be-af)zEllipticPi[b—c, i ArcSinh| /9 x|, i]
ad C de

Problem 77: Result unnecessarily involves imaginary or complex numbers.

J <c+dx2)5/2 4
X
(a+bx?) Ve+fx?

Optimal (type 4, 621 leaves, 12 steps):



Mathematica 11.3 Integration Test Results for 1.1.2.5 (a+b x~2)"p (c+d x~2)"q (e+f x~2)~r.nb | 49

d(bc-ad)xc+dx? 2d(de-2cf)xVec+dx® d2x~/crdx? Ve+fx2
- +

b2+e+fx?2 3bfe+ fx? 3bf
d (bc—ad) Ve Ve+dx? EllipticE[Ar‘cTan[@}, 1- de}
Ve cf

b2/F [ eledXl a2

c (e+fx?)

2d+/e (de-2cf) Vec+dx? EllipticE[Ar‘cTan[Fx], 1-4¢]

Ve cf

3p 32 [ eledd) e

c (e+fx?)

d(bc-ad) Ve Vcrdx? EllipticF[ArcTan[%}, 1-9e]
e

b2~/f /:—E%g— Ve +fx?

dVe (de-3cf)/c+dx? EllipticF[Ar‘cTan[@}, 1-4¢]

Ve cf

+

3pfye [ eledd] gy

c (e+fx?)
Vd x of
2 (bc-ad)?Ve+fx? EllipticPi[1- Ar‘cTan[ ﬁx}, 1- de}
ab2~/d evcrdxz | Slefd) e+;xz)
e (c+aXx
Result (type 4, 350 leaves):
1
3ab? l% f2\/c+dx® e+ fx?
. 2 d x? 2 . . . d cf
-iabd’e (-2bde+7bcf-3adf) |1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] -
c e C de

iad (3a2d2f2+3abd-F (de—3cf) +b? (2d2e2—8cdef+9czfz))

2 d | cf d\3/2
1+ EllipticF[i ArcSinh|[ | = x], —] +f |ab?*cd (*) X (c+dx?) (e+fx?) -
e C de c
. 3 d x? f x? .. _..bc . d cf
3i (bc-ad)’f [1+ 1+ EllipticPi[—, i ArcSinh|[ [ = x|, —]

C e ad C de
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Problem 78: Result unnecessarily involves imaginary or complex numbers.

J <c+dx2)3/2 4
X
(a+bx?) Ve fx?

Optimal (type 4, 3191leaves, 6 steps):
dxm dve Vc+dx2 E111pt1cE[Ar‘cTan[L} 1-42]

cf
bve+fx? ,— [ 3
) i :::X fx?

+

dve Vc+dx? ElllptlcF[ArcTan[L} 1- cf}
+
byF | eleadl o
c e fxz
c*?2 (bc-ad) Ve+fx* E1lipticPi[1- Ar‘cTan{Q], 1-<f]

Nra de

ab~/d eVcrdxz | lefXl

e (c+dx?)

Result (type 4, 197 leaves):

, d x? f x? 5 L ) . d cf
-1 |1+ 1+ abd eE111pt1cE[1Ar‘c51nh[ — x], 7] -
C e c de

. . , . d cf 2
ad (bde-2bcf+adf) EllipticF|[iArcSinh|[ | = x|, — |+ (bc-ad)*f
C

de

EllipticPi[%, i ArcSinh| d x|, ;i] / ab? d -F\/c+dx2 \/e+1:x2
a \| ¢ e \| ¢

Problem 79: Result unnecessarily involves imaginary or complex numbers.

J Vve+dx?
(a+bx2) Ve +fx?

dx

Optimal (type 4, 102 leaves, 1step):
c¥2+Je+fx? EllipticPi[1- d Ar‘cTan[Q}, 1- <5

Nra de

avd everdxz | clefX)

e (c+d xz)

Result (type 4, 143 leaves):



Mathematica 11.3 Integration Test Results for 1.1.2.5 (a+b x~2)"p (c+d x~2)"q (e+f x~2)~r.nb | 51

, d x? f x2 o . . d cf
-1 |1+ 1+ adElllptlcF[nAr‘cSmh[ fx],f}+
c e C de
(bc-ad) EllipticPi[bfc, i ArcSinh| d x|, i} / ab /9 \/c+dx2 \/e+1‘x2
ad C de C

Problem 80: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(a+bx2) \/C+dx2 \/e+-Fx2
Optimal (type 4, 100leaves, 3 steps):

\-c J1+dc"z J1+: E111pt1cP1[f Ar‘cSm[@], <]

Ve 07 de

a/d Vec+dx2 Ve +fx?
Result (type 4, 101 leaves):

]'].\/1+£ \/1+i EllipticPi[ %S, i ArcSinh[ | ¢ x], <F]
c e ad c de
a lg Verdx? Verfx?

Problem 81: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) (c+dx2)3/2\/e+fx2

Optimal (type 4, 344 leaves, 5steps):
d3/2+/e+fx? EllipticE [Ar‘cTan [ @] , 1- ﬁ]

N de

Ve (bc-ad) (de-cf) Verdx? c (erfx2)

e c+dx2)
d\E(bde—Zbc-FJrad-F) A c+dx? EllipticF[Ar‘cTan[\/?X],1—di] /
Je cf
d 2
c(bc-ad)*/f (de-cf) (cxdx e+ fx?
c(e+1:x2
b2 c3/2+/e +fx? ElllptlcPl[ Ar‘cTan[@} 1—g}

de

ad (bc-ad)’e/c+dx? l::jﬁ
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Result (type 4, 365 leaves):

1 d d 3/2
— acd[f] ex+
ad(—bc+ad) (de—cf)\/c+dx2 Ve + fx? c c

e, d x2 f x? — . . d cf
acd (—) fx*+iad“e [1+ 1+ E111pt1cE[1Ar‘c51nh[ - X}, —] +
[ o e c de

. d x? f x2 L ) . d
iad(-de+cf) [1+ 1+ EllipticF[i ArcSinh[ | = x|, —] +
c e C de

] d x? f x? .. _..bc . d cf
ibcde |1+ 1+ EllipticPi[—, i ArcSinh|[ | = x|, —] -
ad C de

C e
L d x? f x2 .. . bc . . d cf
ibctf |1+ 1+ E111pt1cP1[f, JlAf‘CSlnh[ — x], 7]

C e ad C de

Problem 82: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) (c+dx2)5/2x/e+fx2

Optimal (type 4, 435 leaves, 8steps):
a2 xe: fxl

3c(bc-ad) (de-cH) (c+dx2)3/2

{d3/2 (bc(5de-7cf)-2ad(de-2cf))/e+fx? EllipticE{Ar‘cTan[\/—\/d_ 1, 1—d—]
C e

C (e+-Fx2)

e (c+dx2)

3c3/2 (bc—ad)2 (de—cf)2\/c+dx2

dVe Vf (ad(de-3cf)-2bc(2de-3cf))+/c+dx* EllipticF|[ArcTan| e },1——{}
e c

d 2
3c2(bc—ad)2(de7c-F)2 e(CJrX;x/eﬂcxz +

c (e+1‘:x2

2 I £ R (Vx| cf
b2~/ -c \/1+ 2 \/1+ > ElllpthPl[ad,Ar‘cSm[ﬁ], de}

avd (bc—ad)Z\/c+dx2 Ve + fx2

Result (type 4, 433 leaves):
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1

3/2
acd[f] x(e+fx2)
c

3ac? l% (bc—ad)2 (dech)2 (c+dx2)3/2\/e+1‘x2

(bc(-6cde+8c?f-5d°ex?+7cdfx?) +ad (-5c>Ff+2d’ex’+cd (3e-4fx?))) +

2 2
iad’e (2ad(de-2cf)+bc(-5de+7cf)) <c+dx2)\/1+dx \/1+fx
C e

de

dx* fx? s . d cf
(c+dx®) [1+ 1+ EllipticF[i ArcSinh|[ | = x|, —] -
C e c de
2 2
31b%c? (decf)z(c+dx2>\/1+dx \/1+-Fx EllipticPi[bfc,jArcSinh[ d x|, i]
C e ad C de

Problem 83: Result unnecessarily involves imaginary or complex numbers.
J (C+dX2>5/2 dx
(a+bx?) (e+fx2)3/2

Optimal (type 4, 980 leaves, 14 steps):

EllipticE[i ArcSinh| d x|, ﬂ} +iad(-de+cf) (ad(2de-3cf)+bc(-5de+6cf))
\/c
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(bc-ad) (bde+4bcf-3adf) xVc+dx?
3b(be-af)?e+fx2

(be (6d*e®-7cdef-c*f*) -af (8d2e2—13cdef+3c2fz)) X/ € +dx?

+

/

(de-c¥) x<c+dx2)3/2 d(bc-ad) xVerdx® Verfx2

+ +

3ef (be—af)2\/9+fxz

d(af(4de-3cf)-be(3de-2cf)) xvVec+rdx® Ve+fx?
3e1c(befa1:)2

bc-ad)+e (bde+d4bcf-3adf)/c+dx? EllipticE[ArcTan VE
N
e

d 2
Bb\/?(be—af)z (c+dx \Je+fx?

(e+1‘x2

((be (6d2 2—7cdef—c2f2) -af (8d2e2—13cdef+3c21’2)) 7/ c+dx?

dx?)
EllipticE[Ar‘cTan[\/?X],l de] / 3/e £3/2 (be F) C+ X m
Ve cf c(e+1‘:x2
{d (5bc-3ad) (bc-ad)e*?+/c+dx? EllipticF[ArcTan[ﬁX},lﬁ} /
el e

d 2
3bcx/?(befaf>2 (c+dx re+fx?

c (e+fx2

Ve (2adf (2de-3cf)-b(3d?e’-2cdef-3c2f))/c+dx?

/

(bc-ad)?e*2~/c+dx? EllipticPi|[1- :—i, Ar‘cTan[@} , 192

Nry cf

x) g
Ve cf

EllipticF[ArcTan|

c (e+fx

abC\/?(be—af)2 elerdX®) S Ex2

[« e+‘FX

Result (type 4, 352 leaves):

e(be-af)Ve+fx? 3(befaf)2

Js1-—]

d 2
3 £3/2 (be—a ) (c+dx \Je+fx?

+
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1

a b2 l% e f2 (be—aF) Ve+dx® e+ fx2

2 2

iabde(-ad’efib(2de?-2cdefs2f)) [1. D5 1,1
c e
e T . d cf, |
EllipticE|i ArcSinh| —x],d—}—ladze(be—aﬂ (-2bde+3bcf-adf)
c e
2
1+ EllipticF[i ArcSinh| d x|, i]—f ab? d (de—cf)2x<c+dxz)+
e C de C

]

. 3 d x? f x? .. _..bc . d cf
i(bc-ad)’ef [1+ 1+ EllipticPi[—, i ArcSinh|[ | = x], —
C e ad [¢ de

Problem 84: Result unnecessarily involves imaginary or complex numbers.

J( (c+dx?)®? i

a+bx2) (e+fx2)3/2

Optimal (type 4, 223 leaves, 3 steps):
(de-cf) Vc+dx® EllipticE [Ar‘cTan[@] ,1-192]

Ve cf
N
\/?\/?(be—af) :—((Z%ﬁ))—\/e+fx2

c*2 (bc-ad) Ve+fx? EllipticPi[1- 27;’ Ar‘cTan[@], 1-¢<f

Ve de

a\/?e(be—af)\/c+dx2 ¢ lerf )

e (c+dx?)

Result (type 4, 304 leaves):

| 55
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ab d f(de—cf)x(c+dx2)—
C

dx? fx? s . . d cf
1+ E111pt1cE[1 Ar‘cSmh[ - x], 7] -
o e C de

iabde (-de+cf) [1+

o d x? f x? L , . d cf
iad’e (be-af) |1+ 1+ EllipticF[iArcSinh|[ | = x|, —] -
C e C de

C e ad C de

. 5 d x2 f x2 .. _.:bc . d cf
i(bc-ad)ef |1+ 1+ EllipticPi[—, i ArcSinh| fx],f]/

ab d ef (be—af) \/c+dx2 \/e+1cx2
C

Problem 85: Result unnecessarily involves imaginary or complex numbers.
J Ve+dx?
(

a+bx2) (e+fx2)3/2

Optimal (type 4, 209 leaves, 3 steps):
\F o+ dx? EllipticE [Ar‘cTan [ %] , 1- dfe}

Ve (be-af) |eletd) yerEa

c (e+fx?)

bc*/2+e+fx? EllipticPi[1- :—;, Ar‘cTan{@], 1-<f]

Ve de

a\/d_e(be—af)\/c+dx2 € (erf?)

e (c+dx?)

Result (type 4, 207 leaves):

d 5 . d x? f x? L . . d cf
-a |~ fx(c+dx?)-iade |1+ 1+ EllipticE[i ArcSinh[ | = x], —] -
C C e C de

) d x? f x? .. _..bc . d cf
i(bc-ad)e [1+ 1+ —— EllipticPi|—, iArcSinh|[ | = x|, —] /
C e ad C de

a d e(be-af) \/c+dx2 \/e+1‘:x2
c
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Problem 86: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) Ve +dx? (e+fx2)3/2

Optimal (type 4, 344 leaves, 5steps):
£3/2~/c +dx? EllipticE[ArcTan| 3&} , 192

Ve cf

Ve (be-af) (de-cf) [l o £y

c (e+fx?)

Ve VF (2bde-bcf-adf) +/c+dx? EllipticF|ArcTan VE x o1 4e
e

d 2
c(be—af)z(de—cf) (e +dx N e+ fx?

C (e+fx2

b2 e32+/c+dx? E111pt1cP1[ T ArcTan[@} ,1- d—e}

Ve cf

acxﬁ(be—af)2 elerd) \foa fx2

c (e+fx?)

Result (type 4, 221 leaves):

d ) d x? f x? L . . d cf
-a |~ fx(c+dx?)-iadef |1+ 1+ EllipticE[iArcSinh|[ | = x|, —] -
c c e C de
_ d x? f x? .. _.:bc . d cf
Jlbe(—de+c-F)\/1+ \/1+ EllipticPi[—, i ArcSinh| fx},f]/
C e ad C de
a ge(—be+a1‘=) (de—cf)\/c+dx2 \/e+fx2
\/c

Problem 87: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J = dx
(a+bx?) (c+dx2)3’/2 (e+fx2)3/2

Optimal (type 4, 539 leaves, 8 steps):
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b2\/f ~/c+dx? EllipticE[ArcTan| %] , 142
e

d? x of

c(bc-ad) (de-c¥) Verdx? Vet fx?

(bc-ad)2ve (be-af) |l ey

c (e+fx?)

d\/?(zbcszad<de+cf)>x/c+dx2 EllipticE[ArcTan[ﬁX],17d—e] /
Je cf
d 2
c(bc—ad)zx/?(de—cf)2 (c+dx r e+ fx?
c(e+fx2
L. VF x de
dzx/?(bde—Bbcf+2adf) \/c+dx? EllipticF[ArcTan| ], 1-—] /
Je cf
d 2
c(bc—ad)zx/?(de—cw‘:)2 (c +dx \J e+ fx?
c(e+1cx2
b*>c*/2+e+fx? EllipticPi[1- > Ar‘cTan[l@} 1- ﬁ}
a\/—<bc—ad) (be-af) Vc+dx? 2?:5
Result (type 4, 1284 leaves):
3 3
\/c+dx2 \/e+-Fx2 - e - Fx -
c (bc—ad) (—de+cf)2(c+dx2) e(be—a-F) (de—Cf)z(e+'FX2>

1

c(bc-ad)e(be-af) (7de+c-F)2\/c+dx2 Ve + fx2

2 2
\/(c+dx2> (e +fx?) [1bd3e3\/1+dX \/1+-FX
c e
.. . . d cf .. _ . d cf
[ElllptlcE[l ArcSinh|[ | = x|, —| - EllipticF[i ArcSinh|[ | = x], —|
C de C de
2 2
[ 9\/(c+dx2) (e+Fx2> - jad3e2f\/1+dx \/1+-Fx
\[ ¢ C e
.. . . d cf L _ . d cf
[ElllptlcE[l ArcSinh|[ | = x|, —| - EllipticF|i ArcSinh|[ | = x|, —|
C de C de
2 2
[ 9\/(c+dx2) (e+fx?) jbczdefz\/lerX \/1+-Fx
\[ ¢ c e

/

+
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L. . . d cf L . . d cf
[ElllptlcE[l ArcSinh|[ | = x|, —| - EllipticF|i ArcSinh|[ | = x], —|
c de C de
2 2
[ d \/(c+dx2) (e+Fx) [1acd2ef2\/1+dx \/1+-FX
\| ¢ c e
e T . d cf e T . d cf
[ElllptlcE[l ArcSinh|[ | = x|, —| - EllipticF|i ArcSinh|[ | = x], —|
c de [ de
2
[ d \/(c+dx2) (e+Fx?) jbcdzezf\/1+ \/1+-Fx
\| ¢ e
Elliptick[i Arcsinh| | & x], <] /[ E e+ dx?) (e+fx?)
C de C
' d x? f x2 L , . d cf
[1bc2de1‘2\/1+ \/1+ EllipticF[i ArcSinh|[ | = x|, —]
C e C de
d
[ = \/(c+dx2) (e+Fx?)
\| ¢
) d x? f x? L. . . d cf
2iacd’ef? |1+ 1+ EllipticF[i ArcSinh[ [ = x|, —]
C e C de
d
[ = \/(c+dx2) (e+Fx?)
\| ¢
2 2
[ibzcd2e3\/1+dx \/1+-Fx Ellipticpi[ 25, i aresinh| | 2 x], S5
C e ad d de
[a d \/(c+dx2) (e+Fx?)
\| ¢
) d x? f x? .. _..bc . d cf
{anzczdezf\/1+ \/1+ EllipticPi[—, i ArcSinh|[ [ = x|, —|
c e ad C de
[a d \/(c+dx2) (e+Fx?)
\| ¢

d x?
+
c

+

/

/

+

/

/

+
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) d x? f x? .. _.ibc . . d cf
1b2c3ef2\/1+ \/1+ EllipticPi[—, i ArcSinh|[ | = x|, —] /
C e ad c de
a |2 [{crdx) (e )
c

Problem 88: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(a+bx?) (c+dx2)5/2 (e+fx2)3/2

Optimal (type 4, 814 leaves, 11 steps):
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d? x d? (bc (5de-9cf)-2ad(de-3cf))x

- - +

c (bc-ad) (de—c-F) (c+dx2)3/2\/e+1:x2 3 2 (bc—ad)2 (de—c-F)Z\/Cerx2 Ve s fx?

b2 3/2+/c+dx? EllipticE [Ar‘cTan [ %] ,1- d_Q]
e

cf

(bc—ad)Z\E(be—a-F) (de-cf) elerd) Jofx2

c (e+fx?)

dVf (bc(5d*e?*-7cdef-6c2f?) -ad (2d?e*-7cdef-3c*f?))

W EllipticE[ArcTan| VE x |, 1- d_e] /

Je cf
d 2
3¢ (bc—ad)Z\/?(de—c-F)3 (c+dx e+ fx?
c(e+1“x2
2 2 . . \/?X de
b \/?\/?(2bde—bcf—adf) \/c+dx? EllipticF[ArcTan| ],1-—] /
Ve cf
d 2
c(bc—ad)z(be—af)z(de—cf) lc+dx \J e+ fx?
c<e+1‘:x2
o VE x de
d*\/e \/f (bc (7de-15cf) -ad (de-9cf))+/c+dx* EllipticF|[ArcTan| ],1—7] /
Ve S
d 2
3c? (bc-ad)? (de-cf)’ (c+dx e+ fx?
C(e+'FX2
b% e3/2+/c +dx? ElllptlcPl[ ArcTan[%},l—gfﬂ
ac(bc—ad)zx/?<be—a1°)2 elesdX] \foFy2
c (e+fx?)
Result (type 4, 2744 leaves):
3
\/c+dx2 \/e+-Fx2 e -
c(bc-ad) (-de+cf)? (c+dx?)?
d> (-5bcde+2ad?e+10bc?f-7acdf) x 4 x
+ +
3c2(bc-ad)? (-de+cf)’ (c+dx?) e(be-af) (de-cf)? (e+fx?)

1

3c? (bc-ad)?e(be-af) (-de+cf)’Vecrdx? Ve+fx?

d x? f x?
5ib’cd*e* |1+ 1+
C e

J(c+dx?) (e+fx2) {




62 | Mathematica 11.3 Integration Test Results for 1.1.2.5 (a+b x~2)"p (c+d x~2)"q (e+f x~2)~r.nb

de

e T . d cf e T .
[ElllpthE [iArcSinh|[ | = x|, —] - E1lipticF[i ArcSinh|
c

[\/g\/(Cerxz) (e+Fx2>

[\/€\/(c+dx2) (e+Fx?)

- Zjabd5e4\/1+

L. ) . d cf
EllipticE[i ArcSinh|[ | = x],

C de

- 101’1b2c2d3e3f\/1+

o

d x?2
C

b

+

——] - EllipticF[i ArcSinh|

f x2
e

i

d x?
c

|

f x?2

+
e

. . . d cf .. _ . d
EllipticE|i ArcSinh|[ | = x], d—] - EllipticF[i ArcSinh| | = x]|,
c e c

[\/g\/(CerXz) (e+Fx2>

n Zjabcd4e3f\/1+

d x2
c

e

f x?2

e

e . . d cf . ) d
EllipticE|i ArcSinh|[ | = x], d—] - EllipticF[i ArcSinh| | = x|,
c e c

[\/g\/(Cerxz) (e+fx?)

L . . d cf
[ElllptlcE[l ArcSinh|[ | = x|, y
\| e

[\/g\/(Cerxz) (e+fx?)

L ) . d cf
[ElllptlcE[l Ar‘cSmh[ - x}, p
\| ¢ e

[\/g\/(cndxz) (e+fx?)

+

+

d 2
2]’1a2d5e3f\/1+ X \/1
C

.F

+

——| - EllipticF[i ArcSinh|

x2

e

=

101’1abc2d3e21‘2\/1+

d x?
c

—| - EllipticF[i ArcSinh|

b

f x2
+
e

=

7jazcd4e2f2\/1+

d x?
C

"

f x2

e

||/
||/
||/
||/
||/
||/




Mathematica 11.3 Integration Test Results for 1.1.2.5 (a+b x~2)"p (c+d x~2)"q (e+f x~2)~r.nb | 63

. . . d cf . . . d cf
[ElllptlcE[l ArcSinh|[ | = x|, —| - EllipticF|i ArcSinh|[ | = x], —|
C de C de
2 2
[ d \/(c+dx2) (e+Fx2> [31b2c4def3\/1+dx \/1+-FX
\| ¢ c e
. . . d cf . . . d cf
[ElllptlcE[l ArcSinh|[ | = x|, —| - EllipticF|i ArcSinh|[ | = x], —|
C de C de
2
[ d \/(c+dx2) (e+Fx2> 6jabc3d2ef3\/1+ \/1+-FX
\[ ¢ e
L. ) . d cf L. ) . d cf
[ElllptlcE[l ArcSinh| | = x|, —| - EllipticF[i ArcSinh|[ | = x], —|
C de C de
2
[ d \/(c+dx2) (e+Fx2> [31a2c2d3ef3\/1+ \/1+-FX
\[ ¢ e
N . d cf L . d cf
[ElllptlcE[i ArcSinh|[ | = x|, —| - EllipticF|i ArcSinh|[ | = x|, —|
C de C de
2 2
[ d \/(c+dx2) (e+fx?) 4jb2c2d3e3f\/1+dx \/1+-FX
\[ ¢ C e
EllipticF[i Arcsinh| | & x], <] / E J(crdx?) (e+fx?)
C de C
) 4 3 d x? fx? Lo . . d cf
iabcd*e’f |1+ 1+ ElllptlcF[nAr‘cSmh[ - x], 7}
C e C de
d
[ — \/(C+dxz) (e+fx2>
\[ ¢
2 2
91b2c3d2e2-F2\/1+dX \/1+fx EllipticF [i Arcsinh| | & x], <
C e C de
d
[ - \/(c+dx2) (e+-Fx2>
\[ ¢

d x?
+
C

d x?
C

/

+

/

/

+
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2 2
[Mabczdsezfthdx \/1+fx E1lipticF[i ArcSinh| 9x],ﬂ]/
c e C de
d d x2 £ x?
. \/(c+ x) (e+ x)
2 2
jazcdz;ezfthdX \/1+-Fx E1lipticF [ ArcSinh| 9x},ﬂ]/
¢ e C de
9 d x? f x2
; \/(c+ x) (e+ x)
2 2
[ijzczldefthdX \/1+fx EllipticF i Arcsinh| | & x], <] /
c e C de
d d x2 f x2
- \/(c+ x) (e+ x)
. d x? f x2 .. . . d cf
15iabc3d2ef® |1+ 1+ EllipticF[iArcSinh| | = x], —}/
c e C de
9 d x2 £ x2
; \/(c+ x) (e+ x)
2 2
9jazczd3ef3J1+dX \/1+fx E1lipticF [ ArcSinh| 9x},ﬂ]/
c e C de
d
[ (L [cvdx] (e )
C
2 2
31'1b3c2d3e4\/1+dx Jufx EllipticPi[b—c,iAr‘cSinh[ gx],i}
c e ad C de
d > >
a | — \/(C+dx> (e+'FX>
C
2 2
gjb3c3dzeafJ1+dX \/1+fx Ellipticpi[b—c, iArcSinh[FX]: ﬂ}
c e ad C de

+

+

+
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aﬁwum o) |-
2 2
91‘1b3c4de2-F2\/1+dX thx EllipticPi[%: ﬂAPCSi"hHE x] :i} /
c e a ¢ €
SRR
' d x2 f x? .. o.rbc : d cf
3ib3cSefd |14+ 1+ E111pt1cP1[—d,1Ar‘c51nh[ - X],d—]/
c e a ¢ €
d
b d x? f x?
afc\/(c+ x*) (e+fx?)

Problem 89: Result unnecessarily involves imaginary or complex numbers.
J<1+xz>3/wm

a+bx?

dx

Optimal (type 4, 242 leaves, 7 steps):
(a-2b) x V2+ex2 xA/1+x2 V24 X2
N 3b )
V2 (a-2b)v/2+x* EllipticE[ArcTan[x], ﬂ (3a-7b) V2 +x? EllipticF[ArcTan[ ﬂ

- +

b2 /1 +x? '?Xz 3\/—b2“/1+x2 li+x2
+X S

(a-2b) (a-b) V2+x? EllipticPi| 17 , ArcTan[x], i}

V7 ab Vi |2

Result (type 4, 204 leaves):
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1
3ab3

ab?x/1+x* y[2+x* +3ia(a-2b) bEllipticE[iAr‘cSinh[%}, 2] -
2
ia(3a’-9ab+7b?) EllipticF[i Ar‘cSinh[%], 2] +
2

. s s o.r2b . X . o . . 2b ) X
3ia’EllipticPi| —, i ArcSinh|——], 2] -12i a®? b EllipticPi| —, i ArcSinh[—], 2] +

a V2 a V2
.. .1 2b . X .. o.r2b . X
151 ab? EllipticPi[ ~—, i ArcSinh[——], 2] - 6 i b® E1lipticPi[~—, i ArcSinh| —], 2]
a V2 a V2
Problem 90: Result unnecessarily involves imaginary or complex numbers.
J\/ler2 V2 +x? 4

a+bx?

X

Optimal (type 4, 192 leaves, 6 steps):
x2ixt V2 2+ x* EllipticE[ArcTan(x], 1]
bvV1+x2

+

b1+ x2 20

1+x2

V2+x? EllipticF[ArcTan(x], 2| (a-2b)V2+x? EllipticPi[1- 2, ArcTan(x], ]

VZbVIoa |2 VZ abviead |22

1+x2 1+x2

Result (type 4, 71leaves):
1

A2 ab?

(a-b) [a EllipticF[i ArcSinh([x], l} - (a-2b) EllipticPi{E, i ArcSinh[x], l})]
2 a 2

1
i [—ZabEllipticE[j ArcSinh(x], —] +
2

Problem 91: Result unnecessarily involves imaginary or complex numbers.

J V2 +x?
V1+x? (a+bx?)

dx

Optimal (type 4, 58 leaves, 1 step):
2+/1+x? EllipticPi[1- 2?", Ar‘cTan[%] , -1]

2
a [ 2%

2+x2

Result (type 4, 50 leaves):

1 b 1
i (a EllipticF[i ArcSinh[x], —| - (a-2b) EllipticPi|—, i ArcSinh[x], =]
2 a 2

\/?ab
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Problem 92: Result unnecessarily involves imaginary or complex numbers.
J rea

(1 +X2>3/2 (a + bX2>

dx

Optimal (type 4, 121 leaves, 3 steps):

V2 V2132 EllipticE[Ar‘cTan[X], %] 2bA/1+x2 EllipticPi[l— %, Ar‘cTan[%], —1]

(a-b) V1+x2 ?—Xz a(a-b) ;*—Xz\/2+x2
+X +X
Result (type 4, 122 leaves):
1 2xV2+x2 1 1
L 242 EllipticE[i ArcSinh[x], | -i+/2 EllipticF[i ArcSinh[x], —] -
2a-2b| /1+x2 2 2

b 21i+/2 bEllipticPi[®, i ArcSinh[x], %]
i+/2 EllipticPi[—, i ArcSinh[x], =] + a 2
a 2 a
Problem 93: Result unnecessarily involves imaginary or complex numbers.
J V2+x?

(1+x2)5/2 (a+bx?)

dx

Optimal (type 4, 215leaves, 6 steps):
X2 1 %2 N2 (a-2b) /2 +x? EllipticE [ArcTan[x], ;]

+

3(a-b) (1+x%)%?

(a—b)zm 20X

1+x2

2 2+ x? EllipticF[ArcTan[x], ﬂ 2b2~/1+x? EllipticPi[1- 22, ArcTan[é], 1]

a

+

3 (a-b)Vi+x? 20¢ a(afb)2 S N

1+x% 2+x2

Result (type 4, 357 leaves):
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1 [Sa XA/1+x2 A/2+x% —1dabx~/1+%x® A\/2+x% +6a2x3/1+x> /2+Xx?

6a(a—b) (1+x?

12abx®~/1+x% 1/2+x? +61+/2 a(a-2b) (1+x?)?EllipticE[i ArcSinh[x], 1] -

2

iv2 a (4a-7b) (1+x2)2EllipticF[jAr'cSinh[x], 1} +
2

b 1 b 1
3i+/2 abEllipticPi|—, i ArcSinh[x], —| -61i+/2 b*EllipticPi[—, i ArcSinh[x], —| +
a 2 a 2

]_
|+

b 1
| -61+/2 b2x*EllipticPi[ —, i ArcSinh[x], |
a 2

| o

6i+/2 abx?EllipticPi[—, i ArcSinh[x],

o @

12i+/2 b?>x? EllipticPi| =, i ArcSinh[x],

3i+/2 abx* EllipticPi[—, i ArcSinh[x],

N R Rr NP

V |T g

Problem 94: Result unnecessarily involves imaginary or complex numbers.

dx

J\/2+dx2 V3+fx?

a+bx?
Optimal (type 4, 298 leaves, 6 steps):
waide V2 VFA2edxe EllipticE[ArcTan[%}, 1-29]

2f
bv3+fx? 2.dx?

3+f x2

+

NEyE T

3d+/2+dx? EllipticF[Ar‘cTan[%}, 1- ﬁ]

2f

+

V2 bF [ B 32

3+f x2

3(2b-ad) V2+dx?* EllipticPi| 1—— Ar‘cTan[@},l—ﬁ]
N3

V2 abyE [ 20 3o

Result (type 4, 134 leaves):

I S —3abdEllipticE[jArcSinh[ﬁx], E} +
V3 ab2d V2o 3d
(-2b+ad) [afEllipticF[iAr‘cSinh[ﬁX], ﬁ} +
J2 o 3d
\d x E

.. o.r2b .
(3b-af) EllipticPi[ =, i ArcSinh|

ad 2 3d
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Problem 95: Result unnecessarily involves imaginary or complex numbers.

J V2+dx?
(a+bx2) V3+fx?

dx

Optimal (type 4, 93 leaves, 1 step):
S oticPi 2b A/d x 2f
23+ Fx2 ElllptlcPl[l—ad,Ar‘cTan[ i ], 1-25]

V3 avd Vaedxd | 262

2+d x?
Result (type 4, 94 leaves):
o
V3 ab+d
d 2f 2b d 2f
i |adEllipticF[s ArcSinh[\/—X}, “T]+ (2b-ad) EllipticPi[ —, jArcSinh[\/—X], .
Jz | 3d ad Jz o 3d

Problem 96: Result unnecessarily involves imaginary or complex numbers.

J ! dx

(a+bx?) V2 +dx2 A3+ Fx2

Optimal (type 4, 49leaves, 1step):

EllipticPi 2%, Arcsin[-2x], 2f]
ad 2 3d
V3 a+/-d

Result (type 4, 52 leaves):

i Ellipticpi[ﬁ, i ArcSinh[%] , 5]

_ V3 avd

Problem 99: Result unnecessarily involves imaginary or complex numbers.

dx

J\/c—dx2 Ve +fx?

(a+bx2>2

Optimal (type 4, 359 leaves, 11 steps):
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cf
Y T e Ve d [1-%C e+ fx? EllipticE Ar‘cSm[%] - <t

. _
2a (a+bx2)

2abyc-dx? |1

2 2
\/?\/?(be+af> 1*d7X 1+-Fx EllipticF[Ar‘cSin[\/?X},fg} /
¢ e N de

+

(Zaszcfdx2 \/e+fx2

2 2
\/?(bZCE+a2df) 1—d—X 1+fx EllipticPi[—b—c,Ar‘cSin[\/?X} —i}/
c

e ad Jo o de
[ZazbZ\/?\/c—dx2 \/e+fx2
Result (type 4, 422 leaves):
cex dex3 cfx3 dfx> 1

- + - + —
a+bx? a+bx? a+bx? a+bx? b

d d x2 fx2 . d cf, 1
ic [-—e [1-" |1+ EllipticE[iArcSinh| |- = x], -—] - —
c C e c de b2
d x2 f x? e T . d cf
ic [-— (be+af) 1-— |1+ E111pt1cF[1Ar‘cSlnh[ ——X},——}+
c c e c de
1 _dx . . .r bc . d cf
ide = [-—, iArcSinh|[ [-= x|, - —] +
a(_g)yz ad c de
C
1. d _dx . oo bco . d cf
Ziac |2 bl [~ —, i ArcSinh| —*X},—f}/
b2 c ad c de

Problem 100: Result unnecessarily involves imaginary or complex numbers.

dx

J\/c+dx2 e+ fx2
(a+bx2)2

Optimal (type 4, 381 leaves, 8steps):
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fx+c+dx? xVerdx2 Verfx?

- +

2abye+fx? 2a (a+bx?)

cf

Ve vV Ve+dx? EllipticE[Ar‘cTan[&], 1-9¢]
e
N v

+

2ab | &ledXl JaEy?

c (erfx?)
d\/?\/?mEllipticF[Ar‘cTan[%}, 1- Sfi}
N
2b%c ﬁ Ve+fx?
V=c (bPce-adf) R PO LS ey LA ArcSin[ﬁX}, < /
C e ad -c de
(Zazbzx/?\/cmxz Jer fx2
Result (type 4, 401 leaves):
cex dex3 cfx3 dfx®
+ + + +

a+bx? a+bx? a+bx? a+bx?

ic [¢ e\/1+M \/1+ﬁ EllipticE[i ArcSinh|[ | ¢ x], <]
c c c de 1

e
b b2
) d d x? f x? L ) . d cf
ic [~ (be+af) |1+ 1+ EllipticF[iArcSinh| | = x|, —] -
C C e C de
ice [1+92 [, %X EllipticPi[b—‘, i ArcSinh| d x|, i}
4 e ad c de 1 d dXZ
+—1ac |— f |1+
b2 C c

a |4
c

EllipticPi[bfc, i ArcSinh| d x|, ﬂ] /(Za\/c+dx2 \/eJr-Fx2
e ad C de

2

1+

Problem 101: Result unnecessarily involves imaginary or complex numbers.
1

J(a+bx2)2\/c—dx2 Ve + fx2

dx

Optimal (type 4, 426 leaves, 11 steps):
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b2x/c-dx2 Ver+fx?
+
a (bc+ad> (be—af) <a+bx2>

b\/_\/_\/imﬂllptlcﬂm‘csm[m}’_i}

2a(bc+ad) (be-af) Vc-dx* |1

dx* fx2 d x _ef
\/c_ﬁJl— ’ J1+ ’ ElllpthF[Af‘CSln[L\E}, <f

2a (bc+ad) Ve-dx? Ve+ fx?

2

\/?(bzce—3a2df+ab(2de—2cf))\/1—\/1+fx EllipticPi[—b—:,
e a

Ar*cSin[\/?X],—ﬂ] /[Zazx/?(b@rad) (be—aw“)\/C—dx2 N
NS de
Result (type 4, 773 leaves):

b2xVec-dx® Ve+Ffx?
a(bc+ad) (-be+af) (a+bx?)

1
—dx? + f x2
a(bc+ad) (-be+af)Vc-dx2 Ve+fx? \/<C x?) (e+fx?)

, d x? f x? L ] . d cf L
nbde\/l—— \/1+ EllipticE[i ArcSinh| |-— x|, - —]| - EllipticF|
C e C de
d d
iArcSinh[ [ -— x|, -— /[ ——\/(c_dxz) (e+fx?)
C C

. d x? fx? R . . d cf
iadf [1-— |1+ EllipticF[i ArcSinh[ [-= x|, - —] /
de

C e C

[\/?J(cdxz) (e+fx?)

- d x? f x? .. .. bc . d cf
ibce [1-— |1+ EllipticPi[- —, i ArcSinh| ——x},——}/

@ e ad C de

+

+

+
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a\/jx/(c—dxz) (e+fx?) | +
C
. d x2 f x2 . . o.p bCo ; d cf
2ibde |1-— 1+ E111pt1cP1[—f,]1Arc51nh[ - X},**}/
C e ad C de
\/‘?\/(C_d)g) <e+'FX2)
C
' d x? f x2 e bc | s d cf
2ibcf [1-—— |1+ ElllpthPl[——,uArCSlnh[ - X},*_}/
c e ad c de
\/_T\/(c_dx2> <e+'FX2) -
C
. d x2 f x? Cooooap PO : d cf
3iadf [1-— |1+ E111pt1cP1[7—,1Ar~c51nh[ - X},*—}/
c e ad C de
\/?J(c_dxz) <e+'FX2)
C

Problem 102: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(a+bx2)2\/c+dx2 Ve rfx?

Optimal (type 4, 485 leaves, 8 steps):
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bfx+c+dx? b2x/c+dx2 Ver+fx2

+

- +
2a(bc-ad) (be-af)Ve+fx? 22 (bc-ad) (be-af) (a+bx?)
bve /f Vc+dx2 EllipticE[Ar‘cTan[@}, 1-9¢]

Ve cf

a(bc-ad) (be-af) eledx) \fafx2

c (e+fx?)

dve Vf Vc+dx? EllipticF[Ar‘cTan[%}, 1- dfi}
e c

+

2c (bc-ad) (be-af) eledx) \fo i fx2

c (e+fx?)

d x?2 f x2
1

V-c (b*ce+3a’df-2ab (de+cf)) [1+
c e

EllipticPi[b;,Ar‘cSin[ﬁX}, ;i] /[ZaZ\H(bc—ad) (be-af) \/c+dx2 \/e+fx2
a V-c e

Result (type 4, 587 leaves):
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1 b2cex b?dex® b2cfx3

+ + +

a(-bc+ad) (-be+af)Vcrdx? Ve+fx? a+bx* a+bx’ a+bx?

b2dfx>
—— +1bc
a+bx?

ic 9(be—aﬂ 1+

d dx? fx? R . d cf
—e [1+ 1+ EllipticE[iArcSinh| | = x], —] -
@ C e C de
d x? f x? L . . d cf
1+ EllipticF[i ArcSinh|[ | = x], —] -
c e c de

2

bc d
i[—, iArcSinh| | = x|, —] +
ad C de

0
Q.
()

ad

C
ce\/

a

d
2ibc | —

C

d
3i1ac |— f

C

'[:—:, i ArcSinh| d x|, —]| -

xz\/ - ‘[b—c,jAr‘cSinh[ gx}:z]J’

(g}
Q
™

1+

d x? f x? .. _.bc . d cf
1+ EllipticPi[—, i ArcSinh[ | = x|, —]|
C e ad C de

Problem 104: Unable to integrate problem.

J

Vva+bx? Vc+dx?

dx

Ve +fx?

Optimal (type 4, 545 leaves, 7 steps):

| 75
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dxva+bx® e+ fx?

2f\c+dx?
/ fx2 JVde- bc-ad
Ve VJde-cf yJa+bx? ¢ e+ fx) EllipticE [ArcSin| de-cf x ,_( c-a )e]/
e (c+dx?) Ve Vcrdx@  alde-cf)
a+bX2
2f e+ fx?
a(c+dx2

£ 2 ~/ — bc-ad
(de-cf)+/c+dx? (e +Fx EllipticF [ArcSin| be-af x B (be-a )e] /
a+bx2> Ve Va+bx? c (be-af)

d 2
2afbe af |l e
¢ (a+bx?)

(e+fx?) de
ce (bde-bcf-adf)+a+bx? EllipticPi|

3
c+dx) de-cf

b 2
/Zadf\/de—cf /M\/emxz
a(c+dx

Jde-cf x (bc-ad)e
Ve Veidx? ’ a(de—cf)

Ar‘cSin[

}

Result (type 8, 36 leaves):

dx

J\/a+bx2 Ve +dx?
Ve + fx2

Problem 105: Unable to integrate problem.

J Ve+dx?
Va+bx? Ve fx?

dx

Optimal (type 4, 163 leaves, 2 steps):

'F 2 ~/ — bc-ad
ce Ja+bx? e+ X ElllpthPl[L,ArcSin[ de-cf x ],—( € )e] /
(c+dx?) de-cf Ve Verdx? a(de-cf)

a+bx2
avde-cf c dx2 \Je+fx?
+

Result (type 8, 36 leaves):

j Ve+dx?
Va+bx? Ve fx?

dx
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Problem 106: Unable to integrate problem.

J Vve+dx?
(a+bx2)3/2\/e+1‘:x2

dx

Optimal (type 4, 148 leaves, 2 steps):

Ve Ve+dx? —(—La efx EllipticE[ArcSin| be-af x ] (bc’a‘”e]

x?) Je (b > c(be-af)
2
avbe-af |2ledX) Soee

c (a+bx?)

Result (type 8, 36 leaves):
J Ve+dx?
(a+bx2)3/2\/e+fx2

dx

Problem 108: Unable to integrate problem.

X

J\/a+bx2 e+ dx?

(e+~Fx2)3/2

Optimal (type 4, 484 leaves, 8steps):

e /de-cf Va+bx? EllipticE[ArcTan|-Ydecfx | _(bcade
(de-cf) xVa+bx? P [ [W\/m ’ a(de—cf)}
- + _
2 2
efvc+dx® e+ fx s [cloo2l o
a(c+dx2>
c*?2 (be-af) \/mEllipticF[Ar‘cTan[ de—cf x _lbc-ad) °]

e A/ e+fx? ’ a(de-cf)
aefde_cf |2l gy

a (c+dx?)

e+fx de
bcve \Ja+bx? EllipticPi|

c+dx) de-cf’

i Jde-cf x 7<bc—ad)e — ¢ (a+bx?) 2
Ar‘Sn[@m], a(de—cf)} / afvde-cf /73 (crax) \Je+f

Result (type 8, 36 leaves):

dx

J\/a+bx2 Ve +dx?

(e+1‘:x2)3/2
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Problem 109: Unable to integrate problem.

J Vve+dx?
Varbx® (esfx2)??

dx

Optimal (type 4, 319leaves, 5 steps):
(de-cf) xVa+bx?
e(be-af) Vc+rdx? Ve+fx?

Ve Vde-cf Va+bx? EllipticE[ArcTan| tdecfx | = (bcadie]

Nra /e+fx2 ’ a(de-co)
e(be-af) clabx) STy

a (c+dx?)

c2~/a+bx? EllipticF[ArcTan| decfx | (bcad ;’]

Ve A e+fx? 7 adect
evde-cf | <labXl gy

a (crdx?)

Result (type 8, 36 leaves):
J Ve+dx?
Varbx? (e+fx?)*?

dx

Problem 111: Unable to integrate problem.

dx

J\/c+dx2 Ve + fx?
Vva+bx?

Optimal (type 4, 541 leaves, 7 steps):
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xVecrdx2 Verfx?

1/

/

2+/a+bx?
c(be-af)
e+'FX2

b+/c+dx?

\ a+bx2
e(a+bx2 \/—“/a+bx2 (befa-F> /
——————— EllipticPi[ ———, ArcSin| B
e (a+bx?) bc-ad Ve Va+bx? (bc-ad)e

d 2 N _
Ve V/bc-ad c+ X \Je+fx? EllipticE[ArcSin| bc-ad x
Ve Varbx? (bc—ad)e
a (e+fx?) Vbe-af x (bc—ad) ]
d 2
cvVbe-af (e X2 \Je+fx? a(adf- b(de+c-F))x/c+dx
a+bx
d 2
bzrm/ lexdx) e te
a+bx

c a+bx2
{bc—ad \/_(Zbe—af) A €+ dx?
EllipticF [ArcSin|
a(e+fx?) bc . \/bc—adx} C(be*af)]
Result (type 8, 36 leaves):

dx

J\/c+dx2 Ve +fx?
Va+bx?

Problem 113: Unable to integrate problem.
J Va+bx?
Ve+rdx? e+ fx?

Optimal (type 4, 159 leaves, 2 steps):

-F 2 ~/ - be-af
a\/c+dx? e+ X ElllpthPl[bic, Ar‘cSin[ bc-ad x ], c( €@ >] /
(a+bx?) bc-ad Ve Va+bx? (bc-ad)e

c+dx2
e /bc-ad a+bx2 \Je+fx?

Result (type 8, 36 leaves):
j Va+bx?

Verdx? Verfx?

dx

dx
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Summary of Integration Test Results

115 integration problems

A - 37 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 71 unnecessarily complex antiderivatives

D - 7 unable tointegrate problems

E - Ointegration timeouts



